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DONOGHUE-TYPE m-FUNCTIONS FOR SCHRODINGER 
OPERATORS WITH OPERATOR-VALUED POTENTIALS 

FRITZ GESZTESY, SERGEY N. NABOKO, RUDI WEIKARD, AND MAXIM ZINGHENKO 


Abstract. Given a complex, separable Hilbert space K, we consider differ¬ 
ential expressions of the type r = —{d?‘ldx^)I'}i V{x), with x E (ico,oo) for 

some XQ € M, or X E M (assuming the limit-point property of r at ± 00 ). Here 
V denotes a bounded operator-valued potential V(-) E B{T-C) such that V(-) 
is weakly measurable, the operator norm || V(-)||8('H) locally integrable, and 
V{x) = V{x)* a.e. on x E [xo,cxd) or x E M. We focus on two major cases. 
First, on m-function theory for self-adjoint half-line L^-realizations in 

L^((xo, 00 ); dx; l-L) (with xq a regular endpoint for r, associated with the self- 
adjoint boundary condition sin(a)ii'(xo) + cos(q:)u(xo) = 0, indexed by the 
self-adjoint operator q = a* E Bil-L))^ and second, on m-function theory for 
self-adjoint full-line L^-realizations H of r in L^(R; dx; 'H). 

In a nutshell, a Donoghue-type m-function associated with self- 

adjoint extensions A of a closed, symmetric operator A in l-L with deficiency 
spaces A4 = ker (A — 2 /?^) and corresponding orthogonal projections Pj\/^ 
onto Afz is given by 

(^) = Pj^i + ln){A - 

= ~ '“-fVi Ijv. 1 ^ € C\K. 

In the concrete case of half-line and full-line Schrodinger operators, the role 
of A is played by a suitably defined minimal Schrodinger operator id_|_ min 
L^((xo, 00 ); dx; "H) and idmin iR L^(M; dx; H), both of which will be proven 
to be completely non-self-adjoint. The latter property is used to prove that if 
id+,Q; in L^((xo, 00 ); dx; H), respectively, H in L^(M; dx; "H), are self-adjoint ex¬ 
tensions of min? respectively, Hmin? then the corresponding operator-valued 
measures in the Herglotz-Nevanlinna representations of the Donoghue-type m- 
functions . (■) and (■) encode the entire spectral information 

of respectively, H. 


Date: June 23, 2015. 

2010 Mathematics Subject Classification. Primary: 34B20, 35P05. Secondary: 34B24, 47A10. 
Key words and phrases. Weyl-Titchmarsh theory, spectral theory, operator-valued ODEs. 
S.N. is supported by grants NCN 2013/09/BST1/04319, RFBR 12-01-00215-a, and Marie Curie 
grant PHF-GA-2011-299919; Research of M.Z. is supported in part by a Simons Foundation grant 
CGM-281971. 


1 



2 


F. GESZTESY, S. N. NABOKO, R. WEIKARD, AND M. ZINCHENKO 


Contents 


1. Introduction 

2. Basics on the Initial Value For Schrddinger Operators With Operator-Valued Potentials 

3. Half-Line Weyl—Titchmarsh and Spectral Theory for Schrddinger Operators with 

Operator-Valued Potentials 

4. Weyl—Titchmarsh and Spectral Theory of Schrddinger Operators with Operator-Valued 

Potentials on the Real Line 

5. Some Facts on Deficiency Subspaces and Abstract 

Donoghue-type m-Functions 

6. Donoghue-type m-Functions for Schrddinger Operators with Operator-Valued Potentials 

and Their Connections to Weyl—Titchmarsh m-Functions 

6.1. The half-line case: 

6.2. The full-line case: 

Appendix A. Basic Facts on Bounded Operator-Valued Nevanlinna—Herglotz Functions 
References 


El 

E3 

m 

3 


1. Introduction 

The principal topic of this paper centers around basic spectral theory for self- 
adjoint Schrddinger operators with bounded operator-valued potentials on a half¬ 
line as well as on the full real line, focusing on Donoghue-type m-function theory, 
eigenfunction expansions, and a version of the spectral theorem. More precisely, 
given a complex, separable Hilbert space T-i, we consider differential expressions r 
of the type 

T = -{(f/dx^)Iu + V{x), (1.1) 

with X G (xq, oo) or a; G R (xq G M a reference point), and V a bounded operator¬ 
valued potential H(-) G B(?i) such that V(-) is weakly measurable, the operator 
norm ||H(-)||ecH) is locally integrable, and V(x) = V(x)* a.e. on x G [xo^oo) or 
a; G M. The self-adjoint operators in question are then half-line L^-realizations of r 
in L^{{xo,oo)]dx]'H), with xq assumed to be a regular endpoint for r, and hence 
with appropriate boundary conditions at xq (cf. (11.241) 1 on one hand, and full-line 
T^-realizations of r in da;; H) on the other. 

The case of Schrddinger operators with operator-valued potentials under vari¬ 
ous continuity or smoothness hypotheses on H(-), and under various self-adjoint 
boundary conditions on bounded and unbounded open intervals, received consid¬ 
erable attention in the past. In the special case where dim('H) < oo, that is, in 
the case of Schrddinger operators with matrix-valued potentials, the literature is 
so voluminous that we cannot possibly describe individual references and hence 
we primarily refer to the monographs [2], [94) . and the references cited therein. 
We note that the finite-dimensional case, dim('H) < oo, as discussed in [18], is 
of considerable interest as it represents an important ingredient in some proofs of 
Lieb“Thirring inequalities (cf. [69]). For the particular case of Schrddinger-type 
operators corresponding to the differential expression t = —{d^ / dx"^)I' h+A. + V{x) 
on a bounded interval (a, 6) C M with either A = 0 oi A a . self-adjoint operator 
satisfying A > cl-u for some c > 0, we refer to the list of references in |^. For 
earlier results on various aspects of boundary value problems, spectral theory, and 
scattering theory in the half-line case (a, 6) = (0, oo), we refer, for instance, to [3], 
ID, [33], [54]-[5S], [57] Chs. 3,4], [58], [60], [64], [78], [80], [93], [96], [98] (the case 
of the real line is discussed in [100] 1. Our treatment of spectral theory for half¬ 
line and full-line Schrddinger operators in L'^{(xo,oo);dx;'H) and in L'^{M.;dx;'H), 
respectively, in [50], [52] represents the most general one to date. 
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Next, we briefly turn to Donoghue-type m-functions which abstractly can be 
introduced as follows (cf. [47], [48]). Given a self-adjoint extension ^ of a densely 
defined, closed, symmetric operator A in /C (a complex, separable Hilbert space) 
and the deficiency subspace A/) of H in /C, with 


A/i = ker —il/c), dim (A/)) = fc € N U {oo}, (1-2) 

the Donoghue-type m-operator G B{Ni) associated with the pair {A,Mi) 

is given by 

(^) = Pm. (zA + Iic)(A - 

= zlUi + + 1)Aa7 (-4 - zlK.)~^PMi 1^. , ^ e C\R, ^ ^ 

with /jy. the identity operator in A/), and Pjy; the orthogonal projection in fC onto 
Mi- Then (•) is a S(A/i)-valued Nevanlinna-Herglotz function that admits 

the representation 


= [ 
Jr 




1 


A 


A - z A2 -h 1 


(1.4) 


where the S(A/i)-valued measure (•) satisfies (I5.9p - (I5.11|) . 

In the concrete case of regular half-line Schrodinger operators in L'^((xo, oo); dx) 
with a scalar potential, Donoghue [45] introduced the analog of (11.31) and used it 
to settle certain inverse spectral problems. 

As has been shown in detail in ST], gs], gg, Donoghue-type m-functions natu¬ 
rally lead to Krein-type resolvent formulas as well as linear fractional transforma¬ 
tions relating two different self-adjoint extensions of A. However, in this paper we 
are particularly interested in the question under which conditions on A, the spec¬ 
tral information on its self-adjoint extension A, contained in its family of spectral 
projections {i?A(A)}A6R, is already encoded in the S(A/i)-valued measure (•). 
As shown in Corollary 15.81 this is the case if and only if A is completely non-self- 
adjoint in /C and we will apply this to half-line and full-line Schrodinger operators 
with H(77)-valued potentials. 

In the general case of S('H)-valued potentials on the right half-line (xo,oo), 
assuming Hypothesis 16.1 I f tb we introduce minimal and maximal, operators 
and iJ+^inax hr M{(xo, oo); dec; 77) associated to r, and self-adjoint extensions 
of i7+,min (cf. (13.21) . (13.41) . (13.91) 1 and given the generating property of the deficiency 
spaces M+^z = ker(iJ+^inin — zl), z G C\R, proven in Theorem 16.21 conclude that 
77+ min is completely non-self-adjoint (i.e., it has no nontrivial invariant subspace 
in M((xo,oo)]dx;'H) on which it is self-adjoint). 

According to dOj), the right half-line Donoghue-type m-function corresponding 
to 77 +^q and A/+,i is given by 


= P.^+,(^iA+.a + /)(id+.a - ^ 

1 A 


/ 

Jr 


= I dn^l^^^MX,xo) 


Z G 


(1.5) 


where „ aC+ i (' > ^o) satisfies the analogs of (I5.9I) - (I5.11I) . 

Combining Corollarv l5.8l with the complete non-self-adjointness of 77+^min proves 
that the entire spectral information for contained in the corresponding family 

of spectral projections {7?//^ ^ (A)}agR in L^{{xo,oo);dx;'H), is already encoded in 
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the S(A/+.i)-valued measure „ a/V i (‘ (including multiplicity properties of 
the spectrum of H+^a)- 

An explicit computation of M^° ^ . {z, Xq) then yields 


^H+,c.At±,i(2>a;o) = ± (ej,m^°^(z,xo)ek)^ 

J,k£j 

^ ('V^+,ck(^5 * ; ^o) (^5 ^o))] ^ ‘ ^ L'^{{xQ,oo)\dx\'H)) 

X-(/;+,o,(^, • ,xo)[Im(m+,a(^^o))]' zeC\R, (1.6) 


where {ej}jGj is an orthonormal basis in Ti {^J C N an appropriate index set) and 
the S(H)-valued Nevanlinna-Herglotz functions m^°^( • ,a;o) are given by 


m+°„(z,xo) = [Im(m+,„(j,xo))] ^^^[m+^a{z,XQ) - Re(m+,a(i, xq))] 

X [Im(m+,„(i,a;o))]“^/^ 

1 A 


d+,„+ / dw+°„(A,xo) 

Jr 


X-z A2 + 1 


z e 


Here d+,Q, = xq)) € B{%), and 


(1.7) 

( 1 . 8 ) 


w+°a(-,a^Q) = [Im(m+,a(i,xo))] ^/^p+,a( • ,a:o)[Ini(TO+,a(i,a;o))] (1.9) 


satisfies the analogs of (lA.lOp . (lA.llI) . In addition, '0 +_q,( •,x, Xq) is the right 
half-line Weyl-Titchmarsh solution (I3.10p . and TO+_Q(-,a;o) represents the stan¬ 
dard S(H)-valued right half-line Weyl-Titchmarsh m-function in (13.101) with 
valued measure p+,q( •, a:o) in its Nevanlinna-Herglotz representation (I3.17p - (I3.19I) . 

This result shows that the entire spectral information for i7+,a is also contained 
in the S('H)-valued measure ,Xo) (again, including multiplicity properties 

of the spectrum of Naturally, the same facts apply to the left half-line 

(-oo,xo). 

Turning to the full-line case assuming Hypotheis 14.11 and denoting by H the 
self-adjoint realization of r in L^(K.; dx; J-L), we now decompose 


L'^{R]dx;'H) = L^{{—oo,xo)]dx]'H) © L^((xo, cx));dx;"H), (1-10) 


and introduce the orthogonal projections P±,xo of L^(M; dx; 77) onto the left/right 
subspaces T^((xo, ±oo); dx; 'H). Thus, we introduce the 2x2 block operator repre¬ 
sentation. 


= P-,xAH - zi)-^P+,xo\ 

^ ’ {P+,xo{H-zI)-^P-,xo P+,xo{H-zI)-^P+,,J 


( 1 . 11 ) 


and introduce with respect to the decomposition (11.101) , the minimal operator idmin 
in i^(R; dx; J-L) via 


Tdmin ■— P—,min © P+,min^ Pmin — ,min ® -^+,1111117 (i^-^^) 

A/; = ker - zl) = ker (id* - zl) © ker (id; - zl) 

= A/'_,2 ©A/;,z, z G C\R, (1.13) 


(see the additional comments concerning our choice of minimal operator in Section 
1^ following (I6.36|l '). 
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According to m, the full-line Donoghue-type m-function is given by 

+ I){H - zI)-^Pm, 

= [ 


A 


A-, 


X^ + 1 


Z G 


(1.14) 


where satisfies the analogs of (I5.9|) - (I5.11I) (resp., (IA.9l) - (IA.lll) b 

Combining Corollary 15.81 with the complete non-self-adjointness of i?min proves 
that the entire spectral information for H, contained in the corresponding family of 
spectral projections {Eh{X)}xgr in dx; "H), is already encoded in the B{Ni)- 

valued measure (’) (including multiplicity properties of the spectrum of H). 

With respect to the decomposition (11.101) . one can represent (•) as the 

2x2 block operator, 


o<e,e'<i 


(Pxr.,i 0 


„) 


(1.15) 


+ (^^ + 1) 




(1.16) 


and utilizing the fact that 

{ 4 '_,ay(z, - , 3 : 0 ) = P-,xoi’-,a{z, ■ ,xo)[-{lMz)~^rn-^aiz,xo)]~^^^ej, 

'^+,a,j{z, ■,xo) = F+,^g'i/^+^a(z, ■, Xo)[(Im(z)-^m+^a(z, Xo)]~^^^ej}^^^ 

is an orthonormal basis for = ker — zJ), z G C\K, with {cjjjgy an 

orthonormal basis for one eventually computes explicitly, 

iej,M^lf^{z,xo)ek)n 

j,keJ 

^ ('i^ —,a,fc(*) ‘i^Jo), ■ 

MSm,o,i{z)= ((^P^a,ll{z,Xo)ek)'H 


(1.17) 


0,k^J 


^ (^ + ,a,fc(b (b 'i^^o)) 

MS°Ar,,i,o(.z) = {ej,M^lQ{z,xo)ek)n 


J,k&J 

^ (^ —, a , fc (*) ’jXq), ■ ) + (*) ’jXq), 

],k&J 

^ (^ + ,a,fc(b ':3^o)i ' ) + (b ' : ^o) j 

z G 

with M^°( ■ ,xo) given by 

°(z, xo) = T:M^(z, xo)T^ + A, 


(1.18) 


(1.19) 


( 1 . 20 ) 


df^«°(A,a:o) 


1 


A 


A — z A^ -I-1 


Z G 


— Da + 


( 1 . 21 ) 
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Here Da = Re(M^°(z, xq)) G and 

Of°(.,xo) = r:o„(.,xo)r„ (1.22) 

satisfies the analogs of (IA.10|) . (lA.llI) . In addition, the 2x2 block operators 
Ta G (with G and Ea G B{y.^) are defined in (16.5711 and 

(I6.58|) . and Ma{ • ,xo) is the standard B('H^)-valued Weyl-Titchmarsh 2x2 block 
operator Weyl-Titchmarsh function (I4.17ll - ()4.21() with • xq) the 6(7^^)-valued 
measure in its Nevanlinna-Herglotz representation (j4.22|) - (l4.24p . 

This result shows that the entire spectral information for H is also contained in 
the S(H^)-valued measure f2^°(-,xo) (again, including multiplicity properties of 
the spectrum of iJ). 

Remark 1.1. As the first equality in (11.211) shows, M^°{z,xo) recovers the tra¬ 
ditional Weyl-Titchmarsh operator Ma{z,XQ) apart from the boundedly invertible 
2x2 block operators Ta- The latter is built from the half-line Weyl-Titchmarsh 
operators m± a{z^xo) in a familiar, yet somewhat intriguing, manner (cf. (I4.17|) - 
6211 ), 

Maiz,Xo) 

_ 7 W{z)~^ 2^'-W(z)“^[m_,c(z,a:o)-|-m_,c(z,a;o)] A j'-i 9 ':!') 

\2~^[m-^ct{z,xo)-\-m-^aiz,xo)]W{z)~^ m±^oc{z,XQ)W{z)~^m=p / * 

z G C\a{H), 

abbreviating W(z) = [m-^aiz,xo) — m+_a(z,xo)], z G C\a{H). In contrast to this 
construction, combining the Donoghue m-function with the left/right 

half-line decomposition (II.IOL via equation (11.151) . directly leads to (I1.17I) - (I1.20L 
and hence to (jl.21l) . and thus to the S(?^^)-valued measure H^°(-,xo) in the 
Nevanlinna-Herglotz representation of M^°{- ,xo), encoding the entire spectral 
information of H contained in it’s family of spectral projections Eh{-)- 

Of course, ^a°{' i^o) is directly related to the S(H^)-valued Weyl-Titchmarsh 
measure measure H„( •, xq) in the Nevanlinna-Herglotz representation of A/„( •, xq) 
via relation (ll.22|) . but our point is that the simple left/right half-line decompo¬ 
sition (jl.lOp combined with the Donoghue-type m function (I1.14p naturally leads 
to H^°( • ,xo), without employing (11.231) . This offers interesting possibilities in the 
PDE context where K", n G N, n > 2, can now be decomposed in various man¬ 
ners, for instance, into the interior and exterior of a given (bounded or unbounded) 
domain D C K", a left/right (upper/lower) half-space, etc. In this context we 
should add that this paper concludes the first part of our program, the treatment 
of half-line and full-line Schrodinger operators with bounded operator-valued poten¬ 
tials. Part two will aim at certain classes of unbounded operator-valued potentials 
P, applicable to multi-dimensional Schrodinger operators in T^(R”;d”x), n G N, 
n > 2, generated by differential expressions of the type —A -b V{-). In fact, it 
was precisely the connection between multi-dimensional Schrodinger operators and 
one-dimensional Schrodinger operators with unbounded operator-valued potentials 
which originally motivated our interest in this program. We will return to this 
circle of ideas elsewhere. o 

At this point we turn to the content of each section: Section [2] recalls our basic 
results in |5nj on the initial value problem associated with Schrodinger operators 
with bounded operator-valued potentials. We use this section to introduce some of 
the basic notation employed subsequently and note that our conditions on V{-) (cf. 
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Hypothesis 12.6|) are the most general to date with respect to the local behavior of 
the potential H(-). Following our detailed treatment in [50], Section [3] introduces 
maximal and minimal operators associated with the differential expression r = 
— {(P/dx^)I-u + V{-) on the interval (a, 6) C M (eventually aiming at the case of a 
half-line (a, cx))), and assuming that the left endpoint a is regular for r and that 
r is in the limit-point case at the endpoint h we discuss the family of self-adjoint 
extensions Ha in b); dx; H) corresponding to boundary conditions of the type 


sin(a)it'(a) -I- cos(a)tt(a) = 0, 


(1.24) 


indexed by the self-adjoint operator a = a* € In addition, we recall ele¬ 

ments of Weyl-Titchmarsh theory, the introduction of the operator-valued Weyl- 
Titchmarsh function ma{-) G B{'H) and the Green’s function Ga(z, •, •) G BCH) 
of Ha- In particular, we prove bounded invertibility of Im(ma(-)) in B{'H) in The¬ 
orem 13.31 In Section |4] we recall the analogous results for full-line Schrodinger 
operators H in L^iR-dx^H), employing a 2 x 2 block operator representation of 
the associated Weyl-Titchmarsh Ma{ • ,a:o)-matrix and its S(H^)-valued spectral 
measure dflai • ,a;o), decomposing R into a left and right half-line with respect to 
the reference point xq € M, (—oo,xo] U [a;o,oo). Various basic facts on deficiency 
subspaces, abstract Donoghue-type m-functions and the bounded invertibility of 
their imaginary parts, and the notion of completely non-self-adjoint symmetric op¬ 
erators are provided in Section [Sj This section also discusses the possibility of 
a reduction of the spectral family Ea{-) of the self-adjoint operator A in H io 
the measure Syi(-) = Pn'Ea{-)Pn'\j^ in Af (with P^r the orthogonal projection 
onto a closed linear subspace M oi H) to the effect that A is unitarily equiva¬ 
lent to the operator of multiplication by the independent variable A in the space 
L^(R;dEA(A);Af), yielding a diagonalization of A (see Theorem 15.611 . Our final 
and principal Section [51 establishes complete non-self-adjointness of the minimal 
operators in L'^{(xo,zLoo);dx;'H) (cf. Theorem 16.21) . and analyzes in detail 

the half-line Donoghue-type m-functions „ aT >( ’ ’^o) in Af±,i- In addition, 
it introduces the derived quantities m^°„(-,a;o) in H and subsequently, turns to 
the full-line Donoghue-type operators in A/) and Ma°{ ■ ,xo) in HA . It is 

then proved that the entire spectral information for H± and H (including multi¬ 
plicity issues) are encoded in M^° ^ ,xo) (equivalently, in m^°a{ ■ ,xo)) and 

inM^>,(.) (equivalently, in M^°(-,a;o)), respectively. Appendix |A| collects ba¬ 
sic facts on operator-valued Nevanlinna-Herglotz functions. We introduced the 
background material in Sections |2H4| to make this paper reasonably self-contained. 

Finally, we briefly comment on the notation used in this paper: Throughout, H 
denotes a separable, complex Hilbert space with inner product and norm denoted 
by (•, ■)n (linear in the second argument) and || • \\'n, respectively. The identity 
operator in H is written as I-h- We denote by B{'H) (resp., BoaijE)) the Banach 
space of linear bounded (resp., compact) operators in H. The domain, range, kernel 
(null space), resolvent set, and spectrum of a linear operator will be denoted by 
dom(-), ran(-), ker(-), p(-), and cr(-), respectively. The closure of a closable operator 
S' in 'H is denoted by S. By 25(R) we denote the collection of Borel subsets of R. 
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2. Basics on the Initial Value For Schr5dinger Operators With 
Operator-Valued Potentials 

In this section we recall the basic results on initial value problems for second- 
order differential equations of the form —y" Qy = / on an arbitrary open interval 
(a, 6) C R with a bounded operator-valued coefficient Q, that is, when Q{x) is a 
bounded operator on a separable, complex Hilbert space TL for a.e. x G («,&)■ We 
are concerned with two types of situations: in the first one f{x) is an element of 
the Hilbert space H for a.e. x G {a,b), and the solution sought is to take values in 
H. In the second situation, f{x) is a bounded operator on 'H for a.e. x G {cL,b), as 
is the proposed solution y. 

All results recalled in this section were proved in detail in [50] . 

We start with some necessary preliminaries: Let (a, 6) C R be a finite or infi¬ 
nite interval and X a Banach space. Unless explicitly stated otherwise (such as in 
the context of operator-valued measures in Nevanlinna-Herglotz representations, 
cf. Appendix integration of A-valued functions on (a, b) will always be un¬ 
derstood in the sense of Bochner (cf., e.g., [101 P- 6-21], [^ p. 44-50], [BH p. 
71-86], [77l Ch. HI], |1011 Sect. V.5] for details). In particular, if p > 1, the sym¬ 
bol LP{{a,b);dx; X) denotes the set of equivalence classes of strongly measurable 
A-valued functions which differ at most on sets of Lebesgue measure zero, such 
thatll/(.)||^eLi ((a, b); dx). The corresponding norm in LP{{a, b); dx; X) is given 

by \\f\\Lpaa,b)-,dx-,x) = (/(a.&) ^ 2 : ll/(x)ll^)^^^, rendering LP{{a,b)] dx-X) a Banach 
space. If H is a separable Hilbert space, then so is L?{{a,b)-,dx-,'H) (see, e.g., [T^ 
Subsects. 4.3.1, 4.3.2], [2TJ Sect. 7.1]). One recalls that by a result of Pettis [89] . 
if X is separable, weak measurability of A-valued functions implies their strong 
measurability. 

Sobolev spaces IU”’^((a, 6); dx; A) for n e N and p > 1 are defined as follows: 
IU^’P((a, &); dx; A) is the set of all / € LP((a, 6); dx; A) such that there exists a 
g G LP{{a, b); dx; A) and an xq G (a, b) such that 

/(x) =/(xo)-I- f dx'g{x') for a.e. X € (a, &). (2.1) 

J Xo 

In this case g is the strong derivative of /, p = /'. Similarly, W'^’P{{a, 6); dx; A) is 
the set of all / G LP{{a, b)-,dx-, X) so that the first n strong derivatives of / are in 
LP{{a, b)-,dx-, A). For simplicity of notation one also introduces W^’P{{a, b)-,dx-, X) = 
Lp({a,b)-,dx-,X). Finally, ((a, 6); dx; A) is the set of A-valued functions de¬ 
fined on (a, b) for which the restrictions to any compact interval [a, /3] C (a, b) are 
in IA"’P((a,/3); dx; A). In particular, this applies to the case n = 0 and thus de¬ 
fines b); dx; A). If a is finite we may allow [a, /?] to be a subset of [a, b) and 

denote the resulting space by b)-,dx-, X) (and again this applies to the case 

n = 0). 

Following a frequent practice (cf., e.g., the discussion in [SJ Sect. HI.1.2]), we 
will call elements of IF^’^([c, d]; dx; A), [c, d] C (a, 6) (resp., {{a,b)-, dx; X)), 
strongly absolutely continuous A-valued functions on [c, d] (resp., strongly locally 
absolutely continuous A-valued functions on (a,b)), but caution the reader that 
unless A possesses the Radon-Nikodym (RN) property, this notion differs from 
the classical definition of A-valued absolutely continuous functions (we refer the 
interested reader to [43l Sect. VH.6] for an extensive list of conditions equivalent 
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to X having the RN property). Here we just mention that reflexivity of X implies 
the RN property. 

In the special case where X = <C, we omit X and just write b); dx), as 

usual. 

We emphasize that a strongly continuous operator-valued function F{x), x G 
(a, 6), always means continuity of F{-)h in H. for all h G 7^ (he., pointwise continuity 
of F{-) in 77). The same pointwise conventions will apply to the notions of strongly 
differentiable and strongly measurable operator-valued functions throughout this 
manuscript. In particular, and unless explicitly stated otherwise, for operator¬ 
valued functions Y, the symbol Y' will be understood in the strong sense; similarly, 
y' will denote the strong derivative for vector-valued functions y. 

Definition 2.1. Let (a, b) C R be a finite or infinite interval and Q : (a, b) —> S(77) 
a weakly measurable operator-valued function with ||Q(-)IIb(w) G Ll^^((a,b)-,dx), 
and suppose that / G Ll^^{{a, b)-,dx; 'H). Then the 7t-valued function y ■. {a,b) ^ % 
is called a (strong) solution of 

-y" + Qy = f (2.2) 

if 2 / G Wjoc ((a, b)\dx\ 'H) and (12.21) holds a.e. on (a, b). 

One verifies that Q : {a,b) S(7t) satisfies the conditions in Definition 12.11 if 

and only if Q* does (a fact that will play a role later on, cf. the paragraph following 

(EU). 

Theorem 2.2. Let (a, b) CM. be a finite or infinite interval and V : (a, b) —>■ B{TL) 
a weakly measurable operator-valued funetion with ||H(')||b('H) C Ll^^((a,b);dx). 
Suppose that xo G (a, 6), z € C, ho, hi G 7t, and f G b);dx-, LL). Then there 

is a unique H-valued solution y{z, ■ ,xq) G Wy^^{(a,b)',dx','H) of the initial value 
problem 

(-y" + {V-z)y = f on {a,b)\E, 

\ y(.xo) = ho, y'{xo) = hi, 
where the exceptional set E is of Lebesgue measure zero and depends only on the 
representatives chosen for V and f but is independent of z. 

Moreover, the following properties hold: 

(i) For fixed Xo,x G {a,b) and z cC, y{z,x,Xo) depends jointly continuously on 
ho, hi G TL, and f G L\^^{(a,b)',dx','H) in the sense that 

\\y{z,x,xo;ho,hi,f) - y{z,x,xo;ho,hi,f)\\.^ 


(2.3) 


< Ciz,V)[\\ho - ho\\.^ + ||/ii - + 11/ - / 


(2.4) 


I L^{[xq ,x]\ dx\H)\ 


{ii) 

{in) 


where C{z,V) > 0 is a constant, and the dependence of y on the initial data 
ho, hi and the inhomogeneity f is displayed in (1^ . 

For fixed Xo G (a,b) and z C C, y{z,x,xo) is strongly continuously differen¬ 
tiable with respect to x on {a,b). 

For fixed xq G (a, 6) and z G C, y'{z,x,xo) is strongly differentiable with 
respect to x on (a, b)\E. 

(iv) For fixed xo,x G {a,b), y{z,x,xo) and y'{z,x,Xo) are entire with respect to z. 

For classical references on initial value problems we refer, for instance, to [311 
Chs. Ill, VII] and [44l Ch. 10], but we emphasize again that our approach minimizes 
the smoothness hypotheses on V and /. 
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Definition 2.3. Let (a, &) C R be a finite or infinite interval and assume that 
F, Q : (a, &) —> B{'H) are two weakly measurable operator-valued functions such 
that ||i^(-)llH(«)i IIQ(')IIh(w) S ^ 1 oc((®’ Then the 6('H)-valued function Y : 
(a, b) —>■ 6('H) is called a solution of 

-Y" + QY = F (2.5) 

if Y{-)h G for every h € H and —Y''h + QYh = Fh holds a.e. 

on (a, b). 

Corollary 2.4. Let (a^b) C R 6e a finite or infinite interval, xq G {a,b), z G 
C, Fq: Yi G BfiH), and suppose F, V : {a,b) —s- B{'H) are two weakly measur¬ 
able operator-valued functions with ||F(-)||e('H), ||f (•)||g(-H) G Llocii.a,M\dx). Then 
there is a unique B{'H)-valued solution Y{z, - j^o) : {a,h) B{TL) of the initial 
value problem 

I-Y" ^{y-z)Y = F on {a, b)\E, 

\Y{xo)=Yo,Y'ixo) = Yi. 

where the exeeptional set E is of Lehesgue measure zero and depends only on the 
representatives ehosen for V and E but is independent of z. Moreover, the following 
properties hold: 

(i) For fixed Xq G {a,b) and z G C, Y{z,x,Xo) is eontinuously differentiable with 
respect to x on {a,b) in the B{TL)-norm. 

(ii) For fixed xq G (a,b) and z G C, F'(z,a;,a;o) is strongly differentiable with 
respect to x on (a, b)\E. 

{Hi) For fixed xo,x G {a,b), Y{z,x,xq) and Y'{z,x,xq) are entire in z in the 
B{'H)-norm. 

Various versions of Theorem 12.21 and Corollary 12.41 exist in the literature under 
varying assumptions on V and /, F (cf. the discussion in [50] which uses the most 
general hypotheses to date). 

Definition 2.5. Pick c G {a,b). The endpoint a (resp., b) of the interval (a, 6) 
is called regular for the operator-valued differential expression — (d^/dx^) -f (5(') 
if it is finite and if Q is weakly measurable and ||Q(-)IIh(«) ^ L^([a,c];dx) (resp., 
IIQ(')IIs('H) S T^([c, 6]; dx)) for some c G {a,b). Similarly, —(d^/dx^) + (5(-) is 
called regular at a (resp., regular at b) if a (resp., b) is a regular endpoint for 
-(d^/dx^) -I- Q{-). 

We note that if a (resp., b) is regular for —{df/dx^) + Q{x), one may allow for 
Xq to be equal to a (resp., b) in the existence and uniqueness Theorem 12.21 

If /i )/2 are strongly continuously differentiable 7t-valued functions, we define 
the Wronskian of fi and /2 by 

IT*(/i,/ 2 )(x) = (/i(x),/ 2 (x))« - (/((x),/ 2 (x))«, xG{a,b). (2.7) 

If /2 is an 7t-valued solution of —y" + Qy = 0 and fi is an 7t-valued solution of 
—y" + Q*y = 0, their Wronskian IT*(/i, / 2 )(x) is x-independent, that is, 

-^W^{fi,f 2 ){x) = 0 for a.e. x G (a, 6) (2.8) 

dx 

(in fact, by (12.211) . the right-hand side of (12.81) actually vanishes for all x G (a, b)). 

We decided to use the symbol VF*( •, •) in (12.71) to indicate its conjugate linear 
behavior with respect to its first entry. 
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Similarly, if Fi,F 2 are strongly continuously differentiable 6(H)-valued func¬ 
tions, their Wronskian is defined by 

W{Fi,F 2 )ix) = Fi{x)F^ix) - Fi{x)F 2 ix), x G (a, 6). (2.9) 

Again, if F 2 is a S('H)-valued solution of —Y" + QY = 0 and Fi is a S('H)-valued 
solution of —Y"+YQ = 0 (the latter is equivalent to —(Y*)" + Q*Y* = 0 and hence 
can be handled in complete analogy via Theorem 12.21 and Corollary 12.41 replacing 
Q hy Q*) their Wronskian will be x-independent, 

-^W(Fi,F 2 )(x) = 0 for a.e. X G (a, &). (2-10) 

ax 

Our main interest lies in the case where V{-) = C(-)* G B{T-L) is self-adjoint. 
Thus, we now introduce the following basic assumption: 

Hypothesis 2.6. Let (a, b) C M, suppose that V : (a, b) — B{'H) is a weakly 
measurable operator-valued function with ||C(-)||b(>^) G Ll^^{{a,b); dx), and assume 
that V{x) = V{x)* for a.e. x G (a, 6). 

Moreover, for the remainder of this paper we assume 

a = a*€B{n). ( 2 . 11 ) 

Assuming Hypothesis 12.61 and ()2.11|1 . we introduce the standard fundamental 
systems of operator-valued solutions of ry = zy as follows: Since a is a bounded 
self-adjoint operator, one may define the self-adjoint operators A = sin(Q:) and 
B = cos(q:) via the spectral theorem. Given such an operator a and a point 
xo G (a, 6) or a regular endpoint for r, we now define ^^(z, • ,xo), 4>a{z, ■ ,xo) as 
those S('H)-valued solutions of tY = zY (in the sense of Definition 12.311 which 
satisfy the initial conditions 

0a(z,xo,xo) = (j)'^{z,xo,xo) = cos(q:), -(/)„ (z, xq , xq) = 0),, (z, xq , xq ) = sin(a). 

( 2 . 12 ) 

By Corollary ]2A] (iii]. for any fixed x,xo G (a,b), the functions 61„(z,x,xo), 
(/)q-(z,X,X o), 0a(z,x,xo)*, and (/>ct(z,x,xo)*, as well as their strong x-derivatives 
are entire with respect to z in the H(?^)-norm. 

Since 0a(z, • ,xo)* and (j)a{z, ■ ,xo)* satisfy the adjoint equation —Y" + YV = 
zY and the same initial conditions as 9a and tfa, respectively, one can show the 
following identities (cf. [50]1: 



,X 

,xo)*9c(z, 

X,Xo) - 

- 9a(z 

,X 

,Xo)*0aiz, 

X,Xo) = 

= 0, 

(2.13) 


X, 

Xo)*</>a(z,: 

z:,xo) - 

- <t>a(z, 

X, 

,Xo)*(l)'a{z, 

X,Xo) = 

= 0, 

(2.14) 


,x 

,Xo)*9a(z, 

X,Xo) - 

- 4>aiz 

,x 

,xo)*9'^{z, 

X,Xo) = 

= I-H, 

(2.15) 

Sa{z, 

X, 

Xo)*f>a(z, 

X,Xo) - 


X, 

,Xo)*(l)aiz, 

X,Xo) = 

= In, 

(2.16) 


X, 

Xo)9a(z,X 

,a:o)* - 

- 9a{z, 

X, 

Xo)4>a{z,X 

,a;o)* = 

= 0, 

(2.17) 


X, 

xo)9'^(z,x 

,a:o)* - 

-^'Az., 

X, 

xoWAz,x 

,a:o)* = 

= 0, 

(2.18) 


X, 

Xo)9a(z,X 

,a;o)* - 

-0a (A 

X, 

Xo)4>a{z,X 

,a;o)* = 

= In, 

(2.19) 

9a (z. 

X, 

xo)(/)^(z,x 

,a;o)* - 

- (t)a{z, 

X. 

,xo)9'^{z,x 

,a;o)* = 

= In- 

(2.20) 


Finally, we recall two versions of Green’s formula (resp., Lagrange’s identity). 
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Lemma 2.7. Let (a, 6) C K. 6e a finite or infinite interval and [xi,X 2 ] C {a,b). 

{i) Assume that f,g G Wi^^{{a,b);dx;'H). Then 

rX2 

/ dx[{{Tf){x),g{x))n-{f{x),{Tg){x))-H] = W^f, g){x 2 )-W^{f, g){xi). (2.21) 

J Xl 


(m) Assume that F, G : (a,b) B{'H) are absolutely eontinuous operator-valued 

functions such that F', G' are again differentiable and that F", G" are weakly 
measurable. In addition, suppose that l|G"||« e Ll ^{{a,b)-,dx). Then 

/ dx [{tF*){x)*G{x) - F{x){tG){x)] = W{F, G){x 2 ) - W{F, G){xi). (2.22) 

J X-]_ 


3. Half-Line Weyl-Titchmarsh and Spectral Theory for 
SCHRODINGER OPERATORS WITH OPERATOR-VALUED POTENTIALS 


In this section we recall the basics of Weyl-Titchmarsh and spectral theory 
for self-adjoint half-line Schrodinger operators Ha in Lf{{a,b)-,dx-,'H) associated 
with the operator-valued differential expression r = —{df /dx^)I-u -f V('), assuming 
regularity of the left endpoint a and the limit-point case at the right endpoint b 
(see Definition 13.II) . These results were proved in and [SI] and we refer to these 
sources for details and an extensive bibliography on this topic. 

As before, TL denotes a separable Hilbert space and (a, b) denotes a finite or 
infinite interval. One recalls that if {{a, b); dx; TL) is separable (since TL is) and that 

rb 

if: 9 )L^{{a.b)\dx\'H) / dx{f{x),g{x))n, f,gGL^{{a,b);dx;TL). (3.1) 

J a 

Assuming Hypothesis 12.61 throughout this section, we discuss self-adjoint opera¬ 
tors in Lf{{a,b);dx;TL) associated with the operator-valued differential expression 
T = —{df/dx‘^)I-H -I- V(-) as suitable restrictions of the maximal operator Hmax in 
Id {{a, b); dx; TL) defined by 


-ffmax/ = r/, 

/ e dom(Hinax) = {g G L‘^{{a,b);dx;TL) \g G W^^l{{a,b);dx;TL); (3.2) 

rg G L'^((a, b); dx; TL)}. 

We also introduce the operator Hmin in L'^{{a,b); dx;TL) 

dom(Hmin) = {ff G dom(iJinax) | supp(g) is compact in (a, &)}, (3.3) 

and the minimal operator iJmin in b); dx; TL) associated with r, 

Hmin = Hjnin- (3.4) 


One obtains. 


Lfmax = {Hn.in)* 


H* = = Hrr 


(3.5) 


Moreover, Green’s formula holds, that is, if u and v are in dom(iJniax), then 


{Hma^U,v)L2((a,b)-dx-H) “ [u, ^2 ((a,b)-dx-H) = W,,{u,v){b) - W* (u, II) (fl). 

(3.6) 


Definition 3.1. Assume Hypothesis 12.61 Then the endpoint a (resp., b) is said 
to be of limit-point-type for r if lT,(M,i;)(a) = 0 (resp., 1 T,(m, i;)(6) = 0) for all 
u,v G dom(Hjnax)- 
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Next, we introduce the subspaces 

= {uG dom(iJi„ax) I i?maxU = zu}, z G C. (3.7) 

For z G C\R, Vz represent the deficiency subspaces of i7min- Von Neumann’s 
theory of extensions of symmetric operators implies that 

dom(i7inax) = dom(i7i„in) + V^ + (3.8) 

where -i- indicates the direct (but not necessarily orthogonal direct) sum in the 
underlying Hilbert space L?{{a,b)]dx]'H). 

For the remainder of this section we now make the following asumptions: 

Hypothesis 3.2. In addition to Hvvothesis \2.6\ suvnose that a is a regular endpoint 
for T and b is of limit-point-type for r. 


Given Hypothesis 13.21 it has been shown in [50] that all self-adjoint restrictions, 
Ha, of i7max, equivalently, all self-adjoint extensions of Ffmin, are parametrized by 
a = a* G with domains given by 

dom{Ha) = {u G dom(iJi„ax) | sin(a)it'(a) -I- cos(a)'u(a) = 0}. (3.9) 

Next, we recall that (normalized) H(?7)-valued and square integrable solutions 
of tY = zY, denoted by tpaiz, • ,a), z G C\a{Ha), and traditionally called Weyl- 
Titchmarsh solutions of tY = zY, and the i3(?7)-valued Weyl-Titchmarsh functions 
mc,{z,a), have been constructed in m to the effect that 


'ipaizjXjo) = da{z,x,a) -\- cj)a{z,x,a)ma{z,a), zGC\a{Ha), xG[a,b). 
Then ipa{- ,x, a) is analytic in z on C\IR for fixed x G [a, 6), and 


f dx\\ipa{z,x,a)h\\'^ < oo, h G H, z G C\a{Ha), 

J a 


in particular, 


ifa{z, ■, a)h G b);dx; H), h gH, z G C\a{Ha), 


and 


(3.10) 

(3.11) 

(3.12) 


zlL2(^(^a,b)-,dx-,H)) = {Mz, ■ ,a)h\h gH}. z G C\R. (3.13) 

In addition, ma{z, a) is a H(77)-valued Nevanlinna-Herglotz function (cf. Definition 
lA.ip . and 

ma{z,a) = ma{z,a)*, zGC\a{Ha)- (3-14) 

Given u G 1)^, the operator mo{z,a) assigns Neumann boundary data u'{a) to the 
Dirichlet boundary data u{a), that is, mQ{z,a) is the (z-dependent) Dirichlet-to- 
Neumann map. 

With the help of Weyl-Titchmarsh solutions one can now describe the resolvent 
of Ha as follows, 

{{Ha - zlL 2 (^(^a,b)-dx-H))~^u){x) = dx'Ga{z,x,x')u{x'), 

Jd (o.iuj 

u G L^{{a, b); dx\ H), z G p{Ha), x G [a, 6), 


with the H('H)-valued Green’s function Ga{z, •, •) given by 


Ga{z,x,x') 


4>a{z,x,a)tpa{z,x',a)*, 
tj;a{z,x,a)cj)a{z, x',a)*, 


a < X < x' < 
a < x' < X < 


z G 


(3.16) 
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Next, we replace the interval (a, b) by the right half-line (xo, oo) and indicate this 
change with the additional subscript -I- in ff+.max, J^+,a, 4’+,a{z, - tXo), 

m+^a( ■, Xo), dp+^a( ■, Xq), G+^a(z, ctc., to distinguish these quantities from 

the analogous objects on the left half-line (—oo,a;o) (later indicated with the sub¬ 
script —), which are needed in our subsequent full-line Section |4l 

Our aim is to relate the family of spectral projections, (A)}agRi of the 

self-adjoint operator and the i3('H)-valued spectral function p_|__a(A,X q), A S 

K, which generates the operator-valued measure dp+_a(-,xo) in the Nevanlinna- 
Herglotz representation (13.171) of • ,a;o): 


m+^a(z,Xo) = C+,a 


/ 

Jr 


dp+^a{\xo) 


-\ — z 


A 1 
A2 + lJ’ 


Z e C\fT(i7+,a), (3.17) 


where 

c+,a = Re{m+^a{i,Xo)) e B{n), (3.18) 

and dp+^a[ ■, xo) is a S('H)-valued measure satisfying 


/ 

Jr 


d(e,p+^a(^,xo)e)'H(^ +1) < oo, e € H. 


(3.19) 


In addition, the Stieltjes inversion formula for the nonnegative S(?^)-valued measure 
dp+^ai ■, a;o) reads 

^ ^A2+<5 

p+a((Ai, A 2 ],a:o) = — limlim / c?A Im(m+^(A-l-ie, xq)), Ai, A 2 € M, Ai < A 2 

TT 54,0 e 4,0 Jai -|-5 

(3.20) 

(cf. Appendix |A] for details on Nevanlinna-Herglotz functions). We also note that 
m+_a( •, Xo) and m+,,g( •, xq) are related by the following linear fractional transfor¬ 
mation, 

m+,,3(-,a:o) = (C + ,xo))iA + Bm+ai' ,xo))~^, (3.21) 

where 


A B 
C D 


cos(/3) sin(/3)\ /cos(a) — sin(a) 

— sin(/l) cos(/3 )J \^sin(a) cos(a) 


(3.22) 


An important consequence of (j3.21|) and the fact that the m-functions take values 
in B{'H) is the following invertibility result. 


Theorem 3.3. Assume Hvvothesis 13.21 then [Im(m+_o!( 2 , 0 : 0 ))] ^ S B)^) for all 
z S C\M and a = a* G B{T-L). 

Proof. Let z £ C\]R be fixed. We first show that [Im(TO+o(z,a:o))]“^ G S(H). By 

(Em, 

m+,p{z,xo) = [cos{P)m+fi{z,xo) - sm(/3)][sin(/3)m+,o(z, xo) +cos(/3)]“\ (3.23) 

hence using sin^(/3) -|- cos^(/3) = I-h and commutativity of sin(/3) and cos(/3), one 
gets 

cos(/3) - sm{l3)m+^/3{z,xo) = [sm(/3)m+,o(z;, xq)- b cos(/3)]“\ (3.24) 

Taking /3 = /3(z) = arccot(—Re(m+_o(z:, xq))) £ B{'H) yields 

cos(^) - sin(^)m+,^(z,xo) = [sin(^)i Im(m+,o(z, a:o))]"^ 
and since the left-hand side is in B{'H), also [Im(m+,o( 2 , xo))]“^ £ B{'H). 


(3.25) 
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Next, we show that for any a = a* € [Im(m+,a(-2,a;o))]“^ S B[%). 

Replacing /3 by a in (j3.23j) and noting that both sin(Q;) and cos(q;) are self-adjoint, 
one obtains 

m+,a(z,xo) = [cos(a)m+,o(-z,a:o) - sin(a)][sin(a)m+_o(2;, a^o) -|-cos(a)]“\ 

m+_a(z,xo)* = [m+fi[z,xo)* sin(a) -I- cos(a)]“^[m+,o(-z, aio)* cos(a) — sin(a)], 

(3.26) 

and consequently 

2ilm.{m+^aiz,xo)) = m+^a(z,xo) - m+^a{z,xo)* 

= [m+,o(^,a;o)* sin(a) -I-cos(a)]“^[2zIm(m+,o(z, xq))] 

X [sin(a)m+_o( 2 , xo)-I-cos(a)]“^. (3.27) 

Since [Im(m+^o(-z,a;o))]“^ G B{'H), it follows that [Im(m+^Q,( 2 :, xq))]”^ G B{H). □ 


In the following, C§°{{c,d);'H), —oo < c < d < oo, denotes the usual space of 
infinitely differentiable ?^-valued functions of compact support contained in (c, d). 


Theorem 3.4. Assume Hvvothesis \'S.‘2\ and let f,g € (^“((xo, oo); 77), F € C'(M), 
and Ai, A 2 G R, Ai < A 2 . Then, 




(3.28) 


where we introduced the notation 

nOO 

M+,a(A) = / dx(j)a{X,x,XQ)*u{x), A G M, M G ((xq, oo) ;77), (3.29) 

Xq 

and Mg denotes the maximally defined operator of multiplication by the function 
G G C(R) in the Hilbert space L^(IR;dp+^Q,;77), 


(Mg!u)(A) = G{X)u{X) for p+^a-o..e. A G K, (3.30) 

u G dom(MG) = {x G i^(R; dp+,a( •, aio); 77) | Gv G L^(R; dp+^a{ ■, a^o); 77)}. 


Here p+,a( • ,xo) generates the operator-valued measure in the Nevanlinna-Herglotz 
representation of the B{'H)-valued Weyl-Titchmarsh function m+ q,(- ,xo) G B{'H) 

{cf dSIZJ). 


For a discussion of the model Hilbert space T^(R;dS;/C) for operator-valued 
measures S we refer to [17], jH] and im App. Bj. 

In the context of operator-valued potential coefficients of half-line Schrodinger 
operators we also refer to M. L. Gorbachuk [54], Saito [96], and Trooshin [98]. 

The proof of Theorem 13.41 in [52] relies on a version of Stone’s formula in the 
weak sense (cf., e.g., [46l p. 1203]): 


Lemma 3.5. Let T be a self-adjoint operator in a complex separable Hilbert space 
77 {with scalar product denoted by {■, ■ )'u, linear in the second factor) and denote 
by {7?t(A)}agR the family of self-adjoint right-continuous spectral projections as¬ 
sociated with T, that is, Et{X) = X(-oo,X\{T), A G K. Moreover, let f,g G 77, 
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Ai, A 2 € M, Ai < A 2 , and F G C'(R). Then, 

{f,F{T)ET{{\u\2])9)n 

= f dXF{X)[{f,(T - {X + ie)In)~^g)y^ 

< 54.0 eiO ZTTZ 

-(/, (T-(A-ze)/«)-ig)J. 

One can remove the compact support restrictions on / and g in Theorem 13.41 in 
the usual way by introducing the map 


(3.31) 


[/. 


+ ,Q: 


'C§^{{xo,oo)-,n) L'^{R]dp+^a{- ,xo);'H) 

M- U+,a{-) = dx(j)a{- ,X,Xo)*u{x). 


(3.32) 


Taking f = g, F = 1, Xi I — 00 , and A 2 t 00 in (I3.28|) then shows that 1 /+,q is a 
densely defined isometry in L^{{xo,oo);dx;'H), which extends by continuity to an 
isometry on L'^({xo, 00 ); dx; TL). The latter is denoted by and given by 


U. 


+ ,Q; 


L^((a;o, cx)); dx; 'H) -G L^(R; dp+^ai ■, Xq); 'H) 
u u+,„(-) = s-limb^oo dx4>ai- ,x,xo)*u{x), 


(3.33) 


where s-lim refers to the L^(R; dp+^Q,( •, Xq); ’H)-limit. In addition, one can show 
that the map tZ+^o, in (I3.33|) is onto and hence that 17+,a is unitary (i.e., C/+,q and 
are isometric isomorphisms between the Hilbert spaces L^((xo, 00 ); dx; TL) and 
L^(R; dp+,Q,( •, xo); IZ)) with 


U. 


+ .a 


L^(R; dp+^a', TL) -g- L^((xo, 00 ); dx; TL) 

U l-A S-lim^^ 4 ,_oo,/i 2 too 4'a{X, •,xo)dp+,a(A,Xo)u(A). 


(3.34) 


Here s-lim refers to the L^((xo, 00 ); dx; 'H)-!™^. 

We recall that the essential range of F with respect to a scalar measure p is 
defined by 


ess.ran^(F) = {z e C | for all e > 0, p{{X G M | \F{X) — z\ < e}) > 0}, (3.35) 

and that ess.ranp^ ^ (F) for F G C'(IR) is then defined to be ess.rauj^^ ^ (F) for any 
control measure dv+^a of the operator-valued measure dp^^a- Given a complete 
orthonormal system {e„}„gx in H (X C N an appropriate index set), a convenient 
control measure for dp+^a is given by 

p+,„(H) = ^ 2“”(e„,p+,„(H,xo)e„)?i, Bg'L3{R). (3.36) 

These considerations lead to a variant of the spectral theorem for H+,a- 
Theorem 3.6. Assume Hvvothesis \‘3.2\ and suppose F G C'(R). Then, 

C/+,«F(id+,«)f/+i„ = MfIh (3.37) 

in X{R;dp+^a{ - ,xo);TL) (cf. ()3.30p l. Moreover, 

a{F{H+^a)) = ess.ranp^ ^ (F), (3.38) 

CT(id+,a) = supp(dp+,„( •, Xo)), (3.39) 

and the multiplicity of the spectrum of a 'Is at most equal to dim('F). 
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4. Weyl-Titchmarsh and Spectral Theory of Schrodinger Operators 
WITH Operator-Valued Potentials on the Real Line 

In this section we briefly recall the basic spectral theory for full-line Schrodinger 
operators H in L^(R-dx-,'H), employing a 2 x 2 block operator representation of 
the associated Weyl-Titchmarsh matrix and its 6-valued spectral measure, 
decomposing R into a left and right half-line with reference point xq € R, (—oo, xo]U 
[a;o,oo). 

We make the following basic assumption throughout this section. 


Hypothesis 4.1. (i) Assume that 

V £ Ljq(,(R; dx;"H), V{x) = V{x)* for a.e. x £ 
(ii) Introducing the differential expression t given by 


T = 


X £ 


(4.1) 


(4.2) 


we assume r to be in the limit-point case at -|-oo and at —oo. 


Associated with the differential expression r one introduces the self-adjoint 
Schrodinger operator H in L^(R;dx;7t) by 

Hf = Tf, (4.3) 

/ £ dom(id) = £ L^(R;dx;7t) \g,g' € Wyfl{^\dx]'H)] rg £ L^(R;dx;7t)}. 

As in the half-line context we introduce the S(7t)-valued fundamental system of 
solutions (paiz, ■ ,xo) and 9a{z, ■ ,xo), 2 £ C, of 


{tiP){z,x) = z'ip{z,x), x£ 


(4.4) 


with respect to a fixed reference point xq £ R, satisfying the initial conditions at 
the point x = xq, 


4 )aiz,xo,xo) = -0'^{z,xo,xo) = -sin(a), 

(l)'^{z,xo,xo) = Oa{z, xo,xq) = cos(a), a = a* £ S(H). 


(4.5) 


Again we note that by Corollary YlAU Hi]. for any fixed x,xo £ R, the functions 
00,(2, x,xo), 4>a{z,x,XQ), 0a(z, X, Xq)* , and (fai'z, X, Xq)* as well as their strong x- 
derivatives are entire with respect to z in the S('H)-norm. Moreover, by (I2.16L 


W{Oa{z, ■ ,Xo)*,4>aiz, ■ ,Xo))(x) = /«, 2 £ C. 


(4.6) 


Particularly important solutions of (HU) are the Weyl-Titchmarsh solutions 
'0±,c((2, • ,xo), 2 £ C\R, uniquely characterized by 


(4.7) 


'f’±,a{z, ■, xo)h £ L^((xo, ±cxd); dx; H), h 

sin(Q;)i/>±.a(2i Xq, Xq) -h cos{a)tjj±^a{z, Xq, Xq) = /«, 2 £ C\cr(id±,o)- 


The crucial condition in (14.71) is again the L^-property which uniquely determines 
'f’±,aiz, ■ ,xo) up to constant multiples by the limit-point hypothesis of r at ± 00 . 
In particular, for a = a*, (3 = j3* € BfH), 

V'±.a(7:, •,Xo) =’tlj±,l3{z, •,Xo)C±(2,a,/3,Xo) 


(4.8) 
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for some coefficients C±{z, a, /3, xo) € B{T-L). The normalization in (j4.7ll shows that 
i^±,a{z, ■, Xo) are of the type 


'lp±,a(z,X,Xo) = 0a(z,X,Xo) + (/>a(z,X,Xo)m±^a(z,Xo), Z € C\(j(H±^a), X £ M, 

(4.9) 

for some coefficients m±^a{z,xo) € B{T-L), the Weyl-Titchmarsh m-functions asso¬ 
ciated with r, a, and Xq- In addition, we note that (with z, zi, zi S <C\a{H±^a)) 


I^(V’±.a(2l,Xo,Xo)*,l/’±.a(z2,Xo,Xo)) = m±,a(-22,Xo) - m±,c<(^ 1 , Xq), 


(4.10) 


— tT(V'±,a(^l,X,Xo)*,'0±,a(22,X,Xo)) = {Zi - Z 2 )lp±,aizi, X, Xo)*1p±,a{Z2, X, Xq), 
ax 

(4.11) 


^±oo 

{Z2-Zi) / dxilj±^a{z^,X,Xo)*llj±^a{z2,X,Xo) = m±^a{z2,Xo) - m±^a{Zl,Xo), 

J Xq 

(4.12) 


m±,a{z,xo) = m±,o,(^,Xo)*, 


^±oo 

Im[m±,„(z,Xo)] = Im( 2 ;) / dx'tlj±^a{z,x,Xo)*tp±,a{z,x,Xo). 
J Xn 


(4.13) 

(4.14) 


In particular, ±m±^ai • ,xo) are operator-valued Nevanlinna-Herglotz functions. 

In the following we abbreviate the Wronskian of '0+^a(z, x, xq)* and '0 __q,(2;, x, xq) 
by W{z) (thus, W[z) = m-^a{z,xo) — m+^a(z,xo), ^ G C\a{H)). The Green’s 
function G{z,x,x') of the Schrodinger operator H then reads 


G{z, X, x') 


ij;zp,a(,z,x,xo)W{z) V±.a(2,x',xo)*, X ^ x', z € C\a{H). (4.15) 


Thus, 


{{H - zlL2(K-,dx-,n)) ^f){x)= [ dx' G{z,x,x')f{x'), z€C\a{H), 

JR 

X G M, / G L^(M; dx; H). 


(4.16) 


Next, we introduce the 2x2 block operator-valued Weyl-Titchmarsh m-function, 


M^{z,xo)eB{n^), 

Ma{z,xo) = {Ma,j,j'[z,xo)) z€C\a{H), (4.17) 

M„,o,o(^,xo) =IT(z)-i, (4.18) 

Mafi,i{z,xo) = 2~^W{z)~^[m-^a{z,xo)+ m+^a{z,Xo)], (4.19) 

Ma,i,o{z,xo) = 2“^[m_,a(z,xo) + m+^aiz, xo)]W{z)~'^, (4.20) 

MaJ,l(z,Xo) = m+^a{z,Xo)W)z)~^m-^aiz,Xo) 

= m-^a{z,Xo)W{z)~'^m+^a{z,xo). (4.21) 


Ma{z,XQ) is a S('H^)-valued Nevanlinna-Herglotz function with representation 

1 A 


A7(^(z,xo) — Gq>(^xq) -j- / dHcK(A,xo) 

Jr 


X-z A2 -Kl 


, z G C\a{H), (4.22) 


where 

^^(xo) = Re(M„(i,xo)) G B{n^), (4.23) 
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and dV,a{ ■ ,xo) is a -valued measure satisfying 

I {e,dna{X,xo)e)^2 (X^ + 1)“^ < oo, e £ 
Jm 


(4.24) 


In addition, the Stieltjes inversion formula for the nonnegative S('H^)-valued mea¬ 
sure dfia( ■ ,xo) reads 


2 rA2+<5 

fia((Ai, A 2 ], xq) = — limlim / c?A Im(M„(A-I-ie, xq)), 

TT <5i0 £4-0 


Ai,A2 £ K, Ai < A 2 . 


(4.25) 

In particular, d^la( •; a;o) is a 2 x 2 block operator-valued measure with S(H)-valued 
entries di}a,e,e'{ ■, xq), = 0,1. 


Relating the family of spectral projections, {Eh{X)}\^r, of the self-adjoint oper¬ 
ator H and the 2x2 operator-valued increasing spectral function ila{X, xo), A £ K, 
which generates the 6('H^)-valued measure di}a{ ■ , xq) in the Nevanlinna-Herglotz 
representation (14.221) of Ma{z,xo), one obtains the following result: 

Theorem 4.2. Let a = a* € f,g £ F £ C'(M), a:o £ M, and 

Ai, A 2 £ R, Ai < A 2 . Then, 

(/,F(if)i?^((Ai,A2])3)^.(«^,^^„) 

= {fa{ - - ,xo)) (4.26) 

where we introduced the notation 

Uag{X,Xo)= / dx9a{X,X,Xo)*u{x), Ua,l{X,Xo)= / dx cj)a{X, X, Xq)* u{x) , 

•A K 'f M. 

Ua{X,xo) = {uag{X,xo),Ua,i{X,xo)y, A £ K, It £ (M;7^), (4.27) 

and Mq denotes the maximally defined operator of multiplication by the function 
G £ (^(R.) in the Hilbert space L^(R;dfla( • ,a:o);77^), 

{Mgu){X) = G{X)u{X) = (G(A)uo(A),G(A)ui(A))^ for fl„( •,xo)-a.e. A £ R, 

u £ dom(MG) = {u £ i^(R; dQ.a{ ■, xq); TL^) \ Gv £ T^(R; dfla( •, xq); 77^)}. 

(4.28) 

As in the half-line case, one can remove the compact support restrictions on / 
and g in the usual way by considering the map 


Uctixfi) ■ 


'Go“(R) ^ A2^R;dfI„(-,xo);772) 

!-)• Ua{ • ,Xo) = (ua.o(A,Xo),Ma,l(A,Xo))^, 


(4.29) 


j,o(A,xo)= / dx9c{X,x,xo)*u{x), Uc,i{X,xo)= / dx 4>c,{X,x,xo)*u{x). 

Jr Jr 


Taking f = g, F = 1, Xi f —oo, and A 2 t oo in (14.2611 then shows that Ua{xo) 
is a densely defined isometry in L^(R; dx; 77), which extends by continuity to an 
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isometry on dx; H). The latter is denoted by Ua{xo) and given by 


Ua{xo) : 


j dx] TL) — L^{R- d^}a{ ■, xq)]'H'^) 


(4.30) 


(m I-A Ua( • ,xo) = (ua,o(' ,a:o), na,i( • ,Xo))^, 
r. -rni = (SldxO^i-,x,xo)*u{x)\ 

V'““4( ■ ! 2;o)/ a4-oo,btoo dx (/)„(•, X, Xo)*u(x)y ’ 

where s-lim refers to the L^(R; dVla{ •, xq); H^)-limit. 

In addition, one can show that the map Ua{xo) in (14.301) is onto and hence that 
Ua{xo) is unitary with 


Ua (xq) 


(L'^(R]dnai-, xo)]'H'^) L'^(M.;dx-,'H) 


\u 1-^ Ur 


(4.31) 


rtJ-2 

Uai') = S-lim / {0a{X, ■ ,Xo),(l)a{X, ■ ,Xo))dftaiX,Xo)u{X). 

/il4.-0O,/i2t0O J 


Here s-lim refers to the i^(R; dx; ?d)-limit. 

Again, these considerations lead to a variant of the spectral theorem for H: 

Theorem 4.3. Let F G C'(R) and xq G R. Then, 

UMFiH)UM~^ = Mf (4.32) 

m (R; dr2Q,( •, Xq); ?d^) (c/. (I4.28|) b Moreover, 

CT(F(id)) = ess.rann„(F), (4.33) 

cr(id) = supp(dHa( • ,xo)), (4.34) 

and the multiplicity of the spectrum of Ft is at most equal to 2dim('H). 


5. Some Facts on Deficiency Subspaces and Abstract 

DONOGHUE-TYPE m-FUNCTIONS 

Throughout this preparatory section we make the following assumptions: 

Hypothesis 5.1. Let JC be a separable, complex Hilbert space, and A a densely 
defined, closed, symmetric operator in 1C, with equal deficiency indices {k,k), k G 
N U {oo}. 

Self-adjoint extensions of A in /C will be denoted by A (or by Aa, with a an 
appropriate operator parameter). 

Given Hypothesis 15.11 we will study properties of deficiency spaces of A, and 
introduce operator-valued Donoghue-type m-functions corresponding to A, closely 
following the treatment in m- These results will be applied to Schrodinger oper¬ 
ators in the following section. 

In the special case fe = 1, detailed investigation of this type were undertaken by 
Donoghue [45]. The case fc G N was discussed in depth in [49] (we also refer to [59] 
for another comprehensive treatment of this subject). Here we treat the general 
situation fc G N U {oo}, utilizing results in m. EH). 

The deficiency subspaces A/’zo of A, zg G C\R, are given by 

TVzo = ker ((A)* - Zol/c), dim (A4o) = k, 


(5.1) 
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and for any self-adjoint extension A of A in /C, one has (see also [65l P- 80-81]) 

{A- zoIic){A- zIkY^Mzo = z,zq£C\R. (5.2) 

We also note the following result on deficiency spaces. 

Lemma 5.2. Assume Hvvothesis 15.11 Suppose zq € C\]R, h £ K., and that A is a 
self-adjoint extension of A. Assume that 

forallz&C\R, h L {{A - zIk)~^ ker {{A)* - ZqIk)) ■ (5.3) 

Then, 

for all z S C\R, hi. ker ((A) — zl/c)- (5.4) 

Proof Let fz^ £ ker ((A)* - ZqIic), then s-lini 2 ^ioo(-- 2 :)(A - zJk)“Vzo = f^o and 
hence h±fzo, that is, h± ker ((A) — zqIic). The latter fact together with (15.31) 
imply (15.41) due to (15.21) . □ 


Next, given a self-adjoint extension A of A in /C and a closed, linear subspace 
AC of /C, A/" C /C, the Donoghue-type m-operator M^'fj-{z) £ associated with 

the pair (A, AC) is defined by 

Mi?>(^) = P^izA + I^){A - zI^)-^P;^\j^ 

= zIm + {z^ -f 1 )Pa^(A - , z £ C\R, 

with I^f the identity operator in AC and Pj^ the orthogonal projection in K. onto 
AC. In our principal Section [51 we will exclusively focus on the particular case 
AC = ACi = dim ((A)* - iljc). 

We turn to the Nevanlinna-Herglotz property of next: 


Theorem 5.3. A ssume Hvvothesis \5A[ Let A be a self-adjoint extension of A with 
associated orthogonal family of spectral projections {iCy!i(A)}AeR) lin’d AC a closed 
subspace of IC. Then the Donoghue-type m-operator M^'fj-{z) is analytic for z £ 
C\K and 


[Im(z)]-i Im (Mi’X^)) > 2 {\zf + l) + [{\zf - l)^ 


4(Re(z))2 
z £ 


Im, 

(5.6) 


In particular, 

[lm(Mi'>(z))]“' £S(AC), z£C\R, (5.7) 

and is a -valued Nevanlinna-Herglotz function that admits the fol¬ 

lowing representation valid in the strong operator topology of Af, 



where (see also (lA.91) - (lA.111) 1 


A 

wTi 


z £ C\R, 


(5.8) 


= (A" + l)(P^iC^(A)P^|^), (5.9) 

[ dn%{x) (1 + a2)-i = /^, (5.10) 

Jr 

[ di^, n%(X)ON = oo for all ^ £ AC\{0}. (5.11) 
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We just note that inequality (j5.6|) follows from 

[Im(z)]“^ lTn.{M^°j^{z)) = Pm(.Ik + - Re(z)lK.)^ + {lm{z))^I k.)~^ 

x{I,c + AY/^P^f\J^, z€C\R, (5.12) 

the spectral theorem applied to {I/c P {{A — Re{z)I]c)^ + (Im(z )YIk) ^{Ik + 

AY^A^ together with 


inf 


A2 + 1 


= inf 


X — i 


agr \(A — Re(z))^ + (Im(z))2/ agr 
2 

(|zP + l) + [(|zP-l)%4(Re(z))^ 


A — z 


1/2 ’ 


z € C\R. (5.13) 


Since 


(|zp + l) + [(|zp-l)%4(Re(z)) 


21 1/2 


< 


(|zp + l) + {\z\^ - l) + 2| Re(z)| 


= max(l, |zp) + I Re(z)|, zS 


(5.14) 


the lower bound (15.61) improves the one for [Im(z)] ^ Im {MY'Y{z)) recorded in m 
and [48] if Re(z) Y C0- 

Operators of the type M^^(-) and some of its variants have attracted con¬ 
siderable attention in the literature. The interested reader can find a variety of 
additional results, for instance, in 12 ], i, m. m-m, m-m, Ea-m], m- 
[49], [60], [66], [67], [68], [70], [H], [H], [ZS], [ZS], [ZS], [SI], [91], [92], [95], and the 
references therein. We also add that a model operator approach for the pair (A, A) 
on the basis of the operator-valued measure VIa Mi has been developed in detail in 

sa¬ 
in addition, we mention the following well-known fact (cf., e.g., [471 Lemma 4.5], 
[65] p. 80-81]): 

Lemma 5.4. Assume Hyvothesis \^.l[ Then K, decomposes into the direct orthogo¬ 
nal sum 

/C = /Co©/C^, ker((i)*-z/K) C/Co, z e C\M, (5.15) 

= n her ((i)* - z/k:)'^ = f] ran(i-z/K), (5.16) 

2:GC\IR 

where ICq and ICq are invariant subspaces for all self-adjoint extensions A of A in 
1C, that is, 

(Al - z/k)-^/Co C/Co, (Al-z/ic)-^/C^ C/C^, zeC\]R. (5.17) 

In addition, 

ICq = lin. span{(A — zI-h)~^u+ \ u+ G Mi, z G C\R}. (5.18) 


^We note that m and m contain a typographical error in this context in the sense that 
Im( 2 ) must be replaced by [Im( 2 :)]“^ in (4.16) of and (40) of [48]. 
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Moreover, all self-adjoint extensions A coincide on , that is, if Aa denotes an 
arbitrary self-adjoint extension of A, then 

= ^o,ct ® ^0 in K, = ICq ® ICq , (5.19) 

where 

Aq is independent of the chosen Aa, (5.20) 

and Af)^a {resp., ^^) is self-adjoint in /Cq {resp., K.^). 

In this context we note that a densely defined closed symmetric operator A 
with deficiency indices {k,k), k G NU {oo} is called completely non-self-adjoint 
(equivalently, simple or prime) in K. if K.^ = {0} in the decomposition (I5.15|) (cf. 
[53 p. 80-81]). 

Remark 5.5. In addition to Hypothesis 15.11 assume that A is not completely non¬ 
self-adjoint in K.. Then in addition to (15.1511 . (I5.19|) . and (15.2011 one obtains 

i = io©H^, M=Aro,,©{0} (5.21) 

with respect to the decomposition /C = /Cq © IC^ . In particular, the part Aq of A 
in ICq is self-adjoint. Thus, if H = Hq © Aq is a self-adjoint extension of A in /C, 
then 

(z) = ^ e C\K. (5.22) 

This reduces the H-dependent spectral properties of the Donoghue-type operator 
effectively to those of Hq. A different manner in which to express this 
fact would be to note that the subspace ICq is “not detectable” by (we 

refer to m) for a systematic investigation of this circle of ideas, particularly, in 
the context of non-self-adjoint operators). o 

We are particularly interested in the question under which conditions on A, the 
spectral information for A contained in its family of spectral projections {£lyi(A)}AeR 
is already encoded in the S(A/i)-valued measure ^^is connection we 

now mention the following result, denoting by C;,)®) the space of scalar-valued 
bounded continuous functions on R: 

Theorem 5.6. Let A be a self-adjoint operator on a separable Hilbert space 1C 
and {^^(AjlAeR the family of spectral projections associated with A. Suppose that 
J\f C 1C is a closed linear subspace such that 

lin. span {g(A)v \ g G C'6(R), v € A/"} = 1C. (5.23) 

Let P^f be the orthogonal projection in 1C onto Af. Then A is unitarily equiv¬ 
alent to the operator of multiplication by the independent variable A in the space 
L^(R; dEAi(A); A/”). Here the operator-valued measure dEyi(-) is given in terms of the 
Lebesgue-Stieltjes measure defined by the nondecreasing uniformly bounded family 
Sy4(-) = AV^^a(-)^A^|aA- 

Proof. It suffices to construct a unitary transformation 17 : /C —>■ L^(R; cEai(A); A/”) 
that satisfies UAu = XUu for all u G 1C. First, define Lf on the set of vectors 
5 = {g{A)v I g G ^(M), u S AT} c /C by 

U[g{A)v\= g{X)v, gGCb{^),vGN, (5.24) 

and then extend Lf by linearity to the span of these vectors, which by assumption 
is a dense subset of 1C. Applying the above definition to the function \g{\) yields 
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UAu = XUu for all m in 5 and hence by linearity also for all u in the dense subset 
lin. span(iS). In addition, the following simple computation utilizing the spectral 
theorem for the self-adjoint operator A shows that U is an isometry on S and hence 
by linearity also on lin. span(sS), 

{f{A)u,g{A)v)^ = {uJ{A)*g{A)v)i^ = {u, PAffiA)*g{A)Pj^\^v) 

= [ {uJ{X)gWdXA{X)v)^ (5.25) 

Jr 

= (/(■)'*^)5(')'*^)i2(R.(jx;A(A);A^)’ /i 5 SC'{,(R), u,vGj\f. 

Thus, U can be extended by continuity to the whole Hilbert space 1C. Since 
the range of U contains the set {g{-)v\g € Ch(IR), v € A/"} which is dense in 
dXA{X);J\f) (cf. [52l Appendix B]), it follows that 17 is a unitary transforma¬ 
tion. □ 

Remark 5.7. Since {(A — z)~^ \ z € C\M} C Cb{^), the condition (15.2311 in The¬ 
orem 15.61 can be replaced by the following stronger, and frequently encountered, 
one, 

lin. span {(A — zlic)~^v \ z € C\R, v G J\f} = JC. (5.26) 

o 

Combining Lemma 15.41 Remark |5.51 Theorem 15.61 and Remark 15.71 then yields 
the following fact: 

Corollary 5.8. Assume Hypothesis 15.11 and suppose that A is a self-adjoint ex¬ 
tension of A. Let be the Donoghue-type m-operator associated with the 

pair {A,J\fi), with JCt = ker ((A) — iljc), and denote by the 

valued measure in the Nevanlinna-Herglotz representation of {cf (I5J1)). 

Then A is unitarily equivalent to the operator of multiplication by the indepen¬ 
dent variable A in the space L^(K; (A^ -I- l)~^dCl^°j^.{X);JCi), with Cl^°j^,{X) = 
(A^ -I- l)PAf^EA{X)PAf.\j^ , X € M., if and only if A is completely non-self-adjoint 
in 1C. 

Proof. If A is completely non-self-adjoint in 1C, then ICq = 1C, ICq = {0} in 
(I5.15|) . together with (I5.18|) . and (I5.26|) with J\f = JCt yields Sa(A) = (A^ -I- 
IjRv;A'^(A)7Vi = ^A°UiW^ A G R, in Theorem 15.61 Conversely, if A is not 
completely non-self-adjoint in 1C, then the fact (15.221) shows that (•) cannot 

describe the nontrivial self-adjoint operator A^ in IC^ D {0}. □ 

In other words, A is completely non-self-adjoint in /C, if and only if the entire 
spectral information on A contained in its family of spectral projections Ea{-), 
is already encoded in the S(A/i)-valued measure (including multiplicity 

properties of the spectrum of A). 

6. Donoghue-type m-FuNcxiONS for Schrodinger Operators with 
Operator-Valued Potentials and Their Connections to 
Weyl-Titchmarsh to-Functions 

In our principal section we construct Donoghue-type m-functions for half-line and 
full-line Schrodinger operators with operator-valued potentials and establish their 
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precise connection with the Weyl-Titchmarsh m-functions discussed in Sections [3] 
andm 

To avoid overly lengthy expressions involving resolvent operators, we now sim¬ 
plify our notation a bit and use the symbol I to denote the identity operator in 
L^{{xo,±oo)]dx;'H) and L^(]R; dx; "H). 

The principal hypothesis for this section will be the following: 

Hypothesis 6.1. 

(i) For half-line Schrodinger operators on [xo,oo) we assume Hvvothesis 12.61 with 
a = Xo, b = oo and assume r = —{df /dx‘^)I'u + V{x) to be in the limit-point case 
at oo. 

(ii) For half-line Schrodinger operators on (—oo,xo] we assume Hvvothesis \2.6\ with 
a = —oo, b = xq and assume t = —{df / dx‘^)I'n + y{x) to be in the limit-point case 
at —oo. 

(Hi) For Schrodinger operators on R we assume Hvvothesis \4:.l[ 

6.1. The half-line case: We start with half-line Schrodinger operators id±,min 
in L^((xo, ±oo); dx; 7d) and note that for {ej}j^j a given orthonormal basis in 
C N an appropriate index set), and z £ C\M, 

{'0±.a(^;, •,a:Q)ej}jgy (6.1) 

is a basis in the deficiency subspace Af±^z = ker — zl). In particular, given 

/ £ L^((xo, ±oo); dx; H), one has 

fL{tj}±^a{z,-,xo)ej}j^j, (6.2) 


if and only if 

^±00 

0 = ('0±.a(2, • , Xo)ej, f)L2((xo,±ooy,dx-,n) = ± X, Xo)ejJ{x))-H 

j Xn 


= ± 


n-^oo 

/ dx{ej,'if±^a{z,x,Xo)* f{x))u, j&J, 

J Xc\ 


(6.3) 


and since j € ff is arbitrary, 

/-L{^/’±,a(z, ■,Xo)ej}j^j if and only if 


± 


^±oo 

/ dx{h,'tl;±^a{z,x,Xo)*f{x))-H=0, h G H, 

J Xd 


(6.4) 


a fact to be exploited below in (16.51) . 

Next, we prove the following generating property of deficiency spaces of id±,min: 

Theorem 6.2. Assume Hvvothesis \6.1\ (i) . respectively, (ii), and suppose that f £ 
L^((xo, ±oo); dx;'H) satisfies for all z £ C\]R, /T ker (id|. — zl). Then / = 0. 

Equivalently, dd±,min are completely non-self-adjoint in L^((xo, ±oo); dx; "H). 


Proof. We focus on the right-half line [xo,oo) and recall the S(d^)-valued Green’s 
function G+_a(z, •, •) in (13.161) of a self-adjoint extension id+,a of id+,niin- 
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Choosing a test vector 77 G C^{{xo,oo)-,'H), Xj G K, j = 1 , 2 , Ai < A 2 , one 
computes with the help of Stone’s formula (cf. Lemma [33]), 

iVi (('^ 1 ; '^2]))/)L^((a:o,oo);tl3;;'K) 

^ ^A2+5 

= / dX[{r],{H+^a - {X + ie)I)~'^f)L2((^a,oo)-dx-n) 

d-i-U £4'<J J 

ij]i {^+,a {-^ f)L^{{xQ,oo)\dx;'H)\ 

^ ^A2+5 nOO 

= lim lim- / dX dx 

i5io eio 27n 

lr]{x),'tl;^^a{X-\-ie,x,XQ) / dx'(l)a{X - ie,x'. xqY f{x')] 

A JxQ J u 

pCO 

+ / dx' {(j)a{X + ie,x,xo)*r]{x),ijj+,a{X - ie,x', xq)* f{x'))n 

d Xq 

" -V-^ 

=0 by l l6.4t 


?7(a;),(/)a(A + ie,a:,a:o) / dx' tp+^a{X - ie,x',xo)* f{x') 

d Xq 

r]{x),'tp+^a{X-ie,x,xo) / dx' cj}a{X + ie,x',xo)* f{x') 

d Xq 

poo 

/ dx' {(l)a{X - ie,x,xo)*'q{x),'il}+^a{X + i£,x',X q)* f{x'))H 

d Xq 

" -V-' 

—0 by J6.4II 

ri{x),(j)aiX - i£,X,Xo) / dx' -Ip+^aiX + i£,x' ,xo)* fix') 

d Xq 


(6.5) 

Here we twice employed the orthogonality condition (16.4|) in the terms with under¬ 
braces. 

Thus, one finally concludes, 

(^i ^2])) f) ((xo ,oo)-,dx;'H) 

2 r^2-\-^ P<X} nx 

= lim lim- / d\ i dx dx' 

5i0 ao 2717 

X [ir]{x), [6»q,(A -I- i£,x,xo)(j)aiX - i£,x',xo)* 

-(j)aiX + i£, X, Xo)0aiX - *£, X, Xo)*]f ix'))-H 
- ( 77 ( 0 ;), [ 6 (a(A - ie,X,Xo)(j)a{X + i£,x',Xo)* 
-(faiX- ie, X, Xo)0aix + is, X, Xo)*]fix'))-H] 

= 0. (6.6) 


Here we used the fact that rj has compact support, rendering all a:-integrals over 
the bounded set supp(? 7 ). In addition, we employed the property that for fixed 
X G [cco, 00 ), (j)a{z, X, Xq) and Oaiz, X, cco) are entire with respect to 2 ; G C, permitting 
freely the interchange of the e limit with all integrals and implying the vanishing 
of the limit e 4 - 0 in the last step in (16.61) . 

Since 77 G C^{{xo,oo)-,'H) and Ai, A 2 G K were arbitrary, (16.61) proves / = 0. 
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The fact that H±^r\ 
follows from (I5.16|l . 


are completely non-self-adjoint in L^{{xo, ±oo); dx; T-L) now 

□ 


We note that Theorem l6.2l in the context of regular (and quasi-regular) half-line 
differential operators with scalar coefficients has been established by Gilbert [S31 
Theorem 3]. The corresponding result for 2n x 2n Hamltonian systems, n G N, 
was established in [42 Proposition 7.4], and the case of indefinite Sturm-Liouville 
operators in the associated Krein space has been treated in m Proposition 4.8]. 
While these proofs exhibit certain similarities with that of Theorem [621 it appears 
that our approach in the case of a regular half-line Schrodinger operator with 
valued potential is a canonical one. 

For future purpose we recall formulas (I4.10I) - (I4.14L and now add some additional 
results: 

Lemma 6.3. Assume Hvvothesis \& .W ii] . respectively, {ii), and let z G C\M. Then, 
for all /i G 77, and p+,a( ■, xo)-a.e. A G cr{H±^a), 

± s-lim / dx (pcti^T X, xo)*'ip± ctiz,x,xo)h = ±(X — z)~^h, (6-7) 

Jxo 

pztR 

± s-lim / dx9a{X,x,xo)*'(p± a{zTX,xo)h = — z)~^m± a{z,Xo)h, (6.8) 

Jxo 


where s-lim refers to the L^(]R; dp+^a{ ■, a^o); TCj-limit. 

Proof. Without loss of generality, we consider the case of only. Let u G 

C^{{xo,oo)-,'H) C L‘^{{xo,oo);dx;'H) and v = (i7-i-,a — zl)~^u, then by Theorem 
[Til (IT^ . and (l324ll . 


rV2 

u = - zl)v = s-lim / ^q,(A, • ,Xo) d/ 0 +,a(A,Xo)u+,a(A) 

rr2 

■lim / {X-z)4ia{X, ■ ,xo)dp+^a{X,xo)v+^a{X), (6.9) 

+i4-oo J 


= s- 
+2 toe 


that is. 


?;+,a(A) = {X- z) W+,a(A) for p+,a( •, xo)-a.e. A G a{H+^a)- 


( 6 . 10 ) 


Hence, 


V = (id+,a — ZI)~^U 
rU2 

lim / ())„(A, • ,xo)dp+,„ (A,xo)M+,a(A)(A - 2)’ 

+it-ooy^^ 

pCO 

/ dx ' ^x^)u{x). 

d Xn 


= s- 
M2too 


( 6 . 11 ) 
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Thus one computes, given unitarity oiU+^a (cf. (I3.33|l . (I3.34[) V 

poo 

zl)~^u){x))^ = / dx' {h,G+^aiz,x,x')u{x'))n 

J Xq 

pOO 

= / dx' {G+^a{z,x,x')*h,u{x'))n 

J Xq 

___ 

i-lim / {{G+^a{z,x,-)*h){X),dp+^a{X,XQ)u+^aW) 

1 -lim / (h, ^„(A,a:,a:o)dp+,a(A,a;o)u+,a(A))^(A - 

rAi2 

i-lim / UX-z)~^(l)a{X,x,xo)*h,dp+^a{X,xo)u+^a{X))^- 

D.Mlt-OoJ 


= s-1: 


= s-1: 

M2 too./ 


= s-1: 

M 2 too,/ 


( 6 . 12 ) 


(6.13) 


(6.14) 


(6.15) 


Since u G G^{{xo,oo);'H) was arbitrary, one concludes that 

^G+^a{z, X, ■ )*h'j (A) = (A — z)~^c/)a(X, X, Xo)*h, h gTL, z G 

for ■, a;o)-a.e. A G a{H+^a)- 

In precisely the same manner one derives, 

(^dxG+^a{z, X, ■ )*hj (A) = (A - z)~^cj)'^{X, x, xo)*h, h gH, z G C\]R, 

for p+,a( • ,a:o)-a.e. A G a{H+^a)- 
Taking x in (16.131) and (16.1411 . observing that 

G+^a{z,xo,x') = sin(Q!)'0+,a(z,a;',a:o), 

[d:^G+^a{z, X, x')] = cos(a)i/;+.a(2, x\ Xo), 

and choosing h = sin(Q ;)5 in (16.1311 and h = cos{a)g in (16.1411 . g Gld, then yields 

('0+.a(2, •,xo)[sin(a)]2g^(A) = (A - ;z)"^[sin(a)]^g, (6.16) 

{i)+,a{z, • ,a;o)[cos(a)]2g^(A) = (A - 2 )"^[cos(a)]^g, (6.17) 

g G H, z G C\M, for p+,a( • ,a:o)-a.e. A G a{H+^a)- 

Adding equations ()6.16l) and (16.1711 yields relation (16.71) . 

Finally, changing a into a — {n/2)Iu, and noticing 

4^a— {it/ 2)Iji (,Zf *, Xq) Ocx (^5 * 7 Xq), ^a — (tt/ 2)I-u {.Z-, * 7 Xq) 4^a(^Z^ * , Xq), (6.18) 

m+^a_(^/2)7„(2,Xo) = -[m+,a(z,Xo)]“\ (6.19) 

i/’+,o/-(,7/2)/„(^7 ■ ,Xo) = -tp+,a{z, • ,Xo)[m+,a(2,Xo)]“\ (6.20) 

yields 


f 


dx 9a{X, X, Xq)* tp±^a{z, X, xo)h = =f(A - z) m±^a{z,xo)h, 


( 6 . 21 ) 


with h = —[m+,a(2, Xo)] ^h, and hence (16.811 since h gH was arbitrary. 


□ 
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By Theorem 13.31 

[Im(m±^Q,(2:, Xo))]”^ G z G C\M, (6.22) 

therefore 

(V’±.a(^, • ,Xo)[±(Im(z))“^Im(m±,Q,(z,a;o))]“^/^ej, ',3:0) 

= ([±Im(m±,a(z,a:o))]“^/^ej,Im(m±,a(-2:,a:o) 

X [±Im(m±,a(-z,a:o))]“^^^efc).^ 

= iej,ek)n = Sj,k, j,k & J, z G C\R. (6.23) 

Thus, one obtains in addition to (16.11) that 

{'^±.a,jiz, ■,Xo) ='0±,a(z, • , Xq ) [±(Im(z)) Im(TO±,a (z, Xq))] (6.24) 

is an orthonormal basis for A /±,2 = ker (i/^ — zJ), z G C\R, and hence (cf. the 

definition of Pj\f in Section [5]) 


^■N'±,i ^ ^ j(f; ‘ ; ^o); ' ) 


jej 


L'^ {{xq ,:koo)\dx-,l-L) 


' i Xq). 


(6.25) 


Consequently (cf. (15.51) '). one obtains for the half-line Donoghue-type m-functions, 
= ±iV±,.(^i/±.a +/)(i/±.a - 


/ 


= / dn 


Do 

i^±,c.7V±, 


,(A,xo) 


1 


A 


A - z A2 -h 1 


z G 


(6.26) 


where .(• ,xo) satisfies the analogs of (I5.9D - (I5.11I) (resp., (IA.9I) - (IA.11|) 1. 

Next, we explicitly compute ^ jv± > ( G ^^o)- 

Theorem 6.4. Assume Huvothesis \(!> .W li) . respectively, (ii). Then, 


'H 


j,kej (6.27) 

^ (^±,Q!,fc(f; ';^o); ‘ {{xQ ,±oc);dx;'H)'^ :iz ,a ,j {i ^ G C\M, 

where the B{'H)-valued Nevanlinna-Herglotz functions m^°^{ •, xq) are given by 

m±°„(z,Xo) = ±[±lm{m±^aii, xo))]~^^'^[m±^a{z, xo) - Re(m±,a(f, Xq))] 

X [±Im(m±,a(i,xo))]“^/^ (6.28) 

^ ^ , z G C\M. (6.29) 


A - z A2 -h 1 


= d±,a± /" dw±°„(A,xo) 

Jr 

Here d±^a = He{m^°^{i,Xo)) G B{'H), and 
UJ±%{ • ,xo) = [±lm.{m±^a{i, Xo))]~^^'^ p±,a{ • ,xo)[±Im(m±,a(f,a:o))]“^^^ 
satisfy the analogs of (lA.lOl) . (lA.llI) . 


(6.30) 
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Proof. We will consider the right half-line [a;o,cx)). To verify (I6.27|) it suffices to 
insert (j6.25|) into (j6.26|) and then apply (I3.28|) . ()3.29|1 to compute, 

: Xo), {zH+^a I){H+,a ~ zl) + t ^o)) 

= {ej,+,a, (z ■ +In)(- - zI-h) ^^k, + ,a) 

zX + 1 


— [ ^o)efc,+,a)^ . , j^k G 

Jr a — z 


(6.31) 


where 


pOO 

fy,+,a(A) = / dx(j)a{X,x,xo)*tl;+^c,{i,x,xo)[lm{m+^a{i,xo))]~'^^'^ej 

J Xq 

= (A - i)"^[Im(m+,„(*,a;o))]"^/^ej, j G J', (6.32) 

employing (16.71) (with z = i). Thus, 

(16.311) = / d([lm(m+,Q,(i,a;o))]“^/^ej,p+,Q,(A,a:o)[lm(m+,a(Ga;o))]“^/^efe).j^ 

Jr 


zX + 1 1 

A - z A2 1 


= / d([lm(m+,a(i,a;o))] p+^a{X,Xo)[lm.{m+^a{i,xo))] ^^^Cfc) 

Jr 


n 


_X-z A2-hl_ 

= ([lm(m+,a(i, xo))\~^/'^ej, [m+^aiz, xo) - Re{m+,a(i, a:o)] 
X [lm{m+^a{h xo))]~^^^Ck) 
using ()3.17[) . (j3.18() in the final step. 


(6.33) 

□ 


Remark 6.5. Combining Corollary 15.81 and Theorem 16.21 proves that the entire 
spectral information for H± cn contained in the corresponding family of spectral pro¬ 
jections (A)}agr in L^{{xo, ±oo); dx; 7J), is already encoded in the operator¬ 
valued measure ^ jyy ^ (A, Xo)}AeR in A/±,i (including multiplicity properties 

of the spectrum of i7±,a)- By the same token, invoking Theorem 16.41 shows that 
the entire spectral information for H±^a is already contained in {^^^(A,a;o)}AeR 
in T-L. o 


6.2. The full-line case: In the remainder of this section we turn to Schrddinger 
operators on R, assuming Hypotheis 14.11 Decomposing 

L^(]R; dx; H) = L^((—oo, Xo); dx; H) © L‘^{{xq,oo); dx; TL), (6.34) 

and introducing the orthogonal projections P±,xo of T^(R; dx; H) onto the left/right 
subspaces L^{{xo, ±oo); dx; 7J), we now define a particular minimal operator iJniin 
in L^(M.; dx'jT-L) via 

dimin •— R—,min © R+,min; dlmin ~ ,min ® -^+,min7 (6.35) 

A4 = ker {HP, - zl) = ker - zl) © ker (R;,^i„ - zl) 


(6.36) 
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We note that (j6.35|l is not the standard minimal operator associated with the 
differential expression r on R. Usually, one introduces 

Hminf = rf, 

f e dom (iJmin) = {g € L^(]R; dx; 'H)\g € dx; H); supp(g) compact; 

rg € L'^(R;dx;n)}. (6.37) 


However, due to our limit-point assumption at ±oo, is essentially self-adjoint 

and hence (cf. (14.31) 1. 

= H, (6.38) 

rendering unsuitable as a minimal operator with nonzero deficiency indices. 

Consequently, H given by (14.31) . as well as the Dirichlet extension, Hu = 77-,d 0 
i7+,D, where H± u = H± q (i.e., a = 0 in (13.91) . see also our notational conventions 
following (I3.16|) l. are particular self-adjoint extensions of Hmin in ()6.35(1 . 

Associated with the operator H in L^(K; dx; 77) (cf. (I4.3|) l we now introduce its 
2x2 block operator representation via 


{H - zl)-^ 


VP+,.„(i7 - 7^+,xo(77 - zI)-^P+,,J ■ 


(6.39) 


Hence (cf. (16.241) 1. 


{^-^a,j{z, ■ ,Xo) = P-,xo'^-,a{z, • , Xq) [-(Im(2:)) ^ Im(TO_ ( 2 :, Xq))] 

'^+.a,j{z, ■,Xo) = P+^XQ-tp+A^, • ,Xo)[(Im(z))"^Im(TO+,„(2:,Xo))]“^^^ej}^.g_^ 

(6.40) 


is an orthonormal basis for A4 = kei — zl), z € C\]R, if is an 

orthonormal basis for TL, and (cf. (16.251) 1 

TVi = 7V_ ,i © 7V+,i 

- X! [(V'-,a(b •,aio)[-Im(m_,„(f,Xo))]-^/2e„ • )L2((-oo,.o);d.;W) 

X'i/;_,a(i, • ,Xo)[-Im(m_,«(f,xo))]“^/^ej (6.41) 

(V'+.a(f, •,xo)[Im(m+,a(i,xo))]"^/^ej, ■)u2((xo,ocy,dx-H) 

X'0+,„(*, • ,xo)[Im(m+,„(i,xo))]“^/^ej , 


jej 


^2 'ja^o), ') L2{(-oo,xo);dx-,n)^-’°‘di'^^ ' t Xq) 


jeJ 


{'^ + ,a,j{h ■,Xq), ■) L 2 {{xo,oo)-,dx-'H)^ + ’°^di'^’ ’ i aio)] 


(6.42) 


is the orthogonal projection onto A/). 

Consequently (cf. (15.51) 1. one obtains for the full-line Donoghue-type m-function. 

Km (^) = K + i)iH- ziy^PM 1 ^^, 

1 A 


= [ dHgV,(A) 
Jr 


X-z X‘^ + 1 


z G 


(6.43) 
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where satisfies the analogs of (I5.9|) - (I5.11|) (resp., (IA.9() - (|A.lip i. With 

respect to the decomposition (I6.34L one can represent (•) as the 2x2 block 

operator, 




o<e,e'<i 




V 0 Pm. 




+ (^^ + 1) 


/ PM_,iP-,a:o{H-zI)-^P.,.roPAr_.i 
yPM+,iP+,xo{H-zI)-^P-,^^PM_,i 


(6.44) 


PM^,iP-,xo{H-zI)-^P+,.,gPM+,i\ 
P^^+.iP+.xo{H-zIr^P+,xoPM+,i J ’ 


and hence explicitly obtains, 




= X! • ,xo),{zH + I){H - zl) • 

j.kej 


Xo)) 


L^{R-,dx-,H) 


(6.45) 


= X! ' ^^o),izH + I){H - zT) ^$+,a,fe(b • 

j.kej 

^ (^+,a,fc(*) A^o); ' —,a,j(b 'i^Jp), 

= X! {^ + .a,jih ■ + I){H - Ziy^^-^a^kii, ■ 

j.kej 

^ 'i^Jq), ') + ,a,j{h 'i^Jp), 


a^o)) 


L'^(K.-dx-H) 


(6.46) 


a:o)) 


L^{R;dx-,H) 


(6.47) 


= i^+.o,jih ■ ,xo),{zH + I){H - zl) ^%+,c,k{h ■ ,Xo))^2^K;dx-n) 

j.kej 

^ (^ + ,a,fe(b 'ja^o)) ' ) L2(R;(ia:;'H)^S"’“’a ’’a-o)) (6.48) 

Z e C\M. 


Taking a closer look at equations (I6.45I1 - (I6.48I1 we now state the following pre¬ 
liminary result: 


Lemma 6.6. Assume Hvvothesis \A.l[ Then, 

{^e,a,j{i, ' , Xq), (zH + I){H — zl) 'i's’,a,kih ' ^ Xq)) j ^2 

zX + I 


X-z 
zX + 1 


— / ('^)5 (*^7 a:o)^£',a,fcP'^)).: 

Js. 

— J d{eg^a,j{X), r2Q(A, a:o)ee'^Q,_fc(A)).^2 ^ z){X'^ + 1) 

— (^£,a,j ; [Afa (z, Xq) R.e( Afo, (z, XQ^^e^f ^Q,^k^ '^2 5 

e, e' G {+, -}, j,k £ J, z £ 


(6.49) 
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where 




1 


1 




X — t X — t 

1 




X — i 


( - eme,„(*,a;o)[eIni(me,a(i,a::o))] e[eIm(me,a(*, 2:0))] , 

£ G {+, —}, j G iH^ A G M. (6.50) 


Proof. The first two equalities in (|6.49p follow from f|4.26p . f|4.27p upon introducing 
6 e,aj'(*) — (fie,ct,j ,0 (*) 5 (')) ^ wliere 

p£00 

e^£,aj,o(A) =e dx9a{X,x,xo)*tj;^^a{i,x,xo)[elm{me,a{i,xo))]~^^^ej 

J Xq 

= -e(A - (6.51) 

p£00 

e£,aj.l(A) = £ / dx(j)a{\x,Xo)*i’e,a{hX,Xo)[elm{me,a{hXo))]~^^'^ej 

J Xq 

= e{X — i)“^[£lm(me_a(*,a;o))]~^'^^ej, (6.52) 

£ £ { + , —}, j & J: A £ M, 

and we employed (16.81) . (16.7|) (with z = z) to arrive at (16.511) . (16.521) . The third 
equality in (16.491) follows from (14.221) . (14.231) . □ 


Next, further reducing the computation (16.491) to scalar products of the type 
(sj, • • • efe)-H, j, fc £ naturally leads to a 2 x 2 block operator 

M^°{-,xo) = (Mi^,V(-,xo))o<,(6.53) 

where 

(Cj , Q Q ( 2 ^, Xo)efc )'H — {^— ,a,_7 j (z, Xq) f4e( A/q, (z, Xq)] C— ,a,fc) -^2 J 

(Cj , Q Xo)efc)'H ~ (6—J [A^a ( 2 , Xq) R:e(A(fQ, (z, Xq )]^2 ; 

(ej,M^°o(z,a;o)efc)w = (e+,aj, [Ma(z,xo) - Re(M„(z,a:o)]e_,„,fc).j^ 2 , (6.54) 

XQ^Ck^'H ~ (^+,ct,j j [A7 q(z, Xq) R6(A^a(z, Xo)]e+ja,/c).^2 : 

j,k£j, z £ C\M. 

Theorem 6.7. Assume Hvvothesis \4:.1[ Then M^°{ - ,xq) is a -valued 

Nevanlinna-Herglotz function given by 


M^°{z,Xo) = T*M^{z,xo)T^ + 

[ dllf°(A,xo) 
Jr 


A 

A2 + 1 


— Da + 


(6.55) 

z £ C\IR, (6.56) 
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where the 2x2 Mock operators Ta G and Ea G are defined by 


T„ = 


En — 


m_,a(*,xo)[-Im(m_,a(*,xo))] a;o)[Im(m+,a(*,a;o))] 

(6.57) 


E. 


0 K 

A.1,0 


0 


A.0,1 ) ^ 


= 2"^[-Im(TO__„(i,a;o))]“^/^[m_,a(-*,a;o) -m+^aifixo)] 

X [Iin(m+,a(i,a;o))]“^^^, (6.58) 

Ea,ip = 2“^[Im(m+,a(*,a:o))]“^^^[m_,a(i,xo) - m+,a(-*, xo)] 

X [-Im(m_,a(Gaio))]“^^^, 


anrf Tq, ^ G BifiHfi), with 


(^a^)o,i ^ [-Im(m_,a(*,a;o))]^/^[m-,a(*,a;o) - to+,„(*, a:o)]“^m+,a(*, xq), 

(6.60) 

(^a^)i,o = [Im(™+,a(*>3io))]^^^[m-,a(i,a;o) - m+_a(*,a;o)]“\ (6-61) 

(^a^)i,i = [Im(TO+,„(i,a:o))]^/^[m_,a(Ga;o) - m+,a(Ga;o)]“^m_,„(i,a;o). (6.62) 


In addition, Da = Re (M^°(i, xq)) G B{TI?), and 0^°(-,a;o) = TaDa{- ,X{i)Ta 
satisfy the analogs of (lA.lOl) . (lA.llI) . 


Proof. While (16.561) is clear from 1)6.55L and similarly, (16.591) ^ (16.621) is clear from 
(16.571) . the main burden of proof consists in verifying (16.551) . given ()6.57l) . (16.581) . 
This can be achieved after straightforward, yet tedious computations. To illus¬ 
trate the nature of this computations we just focus on the (0,0)-entry of the 
2x2 block operator (j6.55|) and consider the term (cf. the first equation in (I6.54|) b 
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{e-^a,j, Ma{z,xo)e-^a,k)'H.^, temporarily suppressing xo and a for simplicity: 



/ [m_(z)-m+(z)] ^ 2 ^ [m_ (z)-m+(z)] ^ [m_ (z)+m+(z)] \ 

^ 2“^[m_(z)+m+(z)][m_(z)-m+(z)]“^ J 

-[-Im(m_(i))]-^^^e3 / / ^2 

= (m_(i)[— Im(TO_(i))]“^^^ej, [m_(z) — m+{z)]~^ 

X Im(m_(i))]"^/^efc)^ 

— Im(TO_(z))]“^^^ej, [to_(z) — m+(z)]“^[m_( 2 :) + m+{z)] 

X [-Im(m_(i))]“^/^efe)^ 

- 2“^([- Im(m_(i))]“^^^ej, [to-(z) + m+(z)][m_( 2 ) - m+{z)]~^ 

X TO_(i)[- Im(m_(i))]“^/^efe)^ 

+ {[-lm{m-{i))]~^^^ej,rnzf{z)][m-{z) - m+{z)]~^m±{z) 

X [-Im(m_(i))]"^/^efe)^ 

= [cj, [— lin{m-{i))]~^^'^m-{—i)[m-{z) — m+{z)]~^ 

X Im(m_(i))]"^/^efc)^ 

- 2“^(ej, [—Im(m_(i))]“^/^m_(—i)[m_(z) — to+(z)]“^[to_(z) + m+(z)] 

X [-Im(m_(i))]"^/^efe)^ 

- 2“^(ej, [-Im(m_(i))]“^/^[m_(z) + m+(z)][TO_( 2 ) - m+( 2 )]“^ 

X m-{i)[- Im(m_(i))]“^/^efe)^ 

+ (e^, [- lm{rn-{i))]~^^'^rn^{z)][rn-{z) - m+{z)]~^m±{z) 

X [-Im(m_(i))]“^/^efe)^, z £ C\]R. (6.63) 

Explicitly computing {ej,[T*Ma{z,xo)Ta]o,o^k)'Hj given in (I6.57|) yields the 
same expression as in H6.631) . Similarly, one verifies that 


(c—j', R.e(ikrQ,{t, 3:o))e_^Q,^fc)-^2 — 0, 


(6.64) 


verifying the (0,0)-entry of (|6.55l) . The remaining three entries are verified analo¬ 


gously. 


□ 


Combining Lemma 16.61 and Theorem 16.71 then yields the following result: 
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Theorem 6.8. Assume Hvvothesis 14.11 Then (•) 

explicitly given by (16.431) - (16.481) , is of the form, 

j,keJ 

^a,0,l{^T ^o)ek)'H 

J,k^J 

X ($+,„.fc(*, ■,xo), •)L 2 (R.d^.^)^-.aj(*, - ^aJo), (6.66) 

MSx„i,o{z)= (^T^S°ifi{z:,Xff)ek)H 

0,k^J 

X fe(G •,a;o), ' )L 2 (R.rf^.„)$+,a.j(*, '^aJo), (6.67) 

^h°m„iAz)= {ej,M^lj^{z,xo)ek)n 

j,keJ 

X {'^ + ,a,k{ij ‘jXo)j ' ) L2(]g.j^3,..^^^+,a,i (*) 'j^o)j (6.68) 

2 G C\IR, 

with Mf^°{ • ,a;o) given by (16.551) - (16.581) . 

Remark 6.9. Combining Corollary 15.81 and Theorem 16.81 proves that the entire 
spectral information for H, contained in the corresponding family of spectral projec¬ 
tions {£’h(A)}agr in T^(R; dx; 77), is already encoded in the operator-valued mea¬ 
sure (A)}AeR in A/) (including multiplicity properties of the spectrum of H). 

In addition, invoking Theorem l6. 71 shows that for any fixed a = a* G xq G K, 

the entire spectral information for H is already contained in {n^°(A, xo)}agR in 

n^. o 


Appendix A. Basic Facts on Bounded Operator-Valued 
Nevanlinna-Herglotz Functions 

We review some basic facts on (bounded) operator-valued Nevanlinna-Herglotz 
functions (also called Nevanlinna, Pick, i?-functions, etc.), frequently employed 
in the bulk of this paper. For additional details concerning the material in this 
appendix we refer to [50], (52]. 

Throughout this appendix, 77 is a separable, complex Hilbert space with inner 
product denoted by (•, ■ )-h, identity operator abbreviated by I-u. We also denote 
C± = {z G C I ± Im(z) > 0}. 

Definition A.l. The map M : C+ — ;■ S(77) is called a bounded operator-valued 
Nevanlinna-Herglotz function on 77 (in short, a bounded Nevanlinna-Herglotz op¬ 
erator on 77) if M is analytic on C+ and Im(M(z)) > 0 for all z G C+. 

Here we follow the standard notation 

Im(A7) = (M - M*)/{2i), Re{M) = {M + M*)/2, M G H(77). (A.l) 

Note that M is a bounded Nevanlinna-Herglotz operator if and only if the scalar¬ 
valued functions {u, Mu)'n are Nevanlinna-Herglotz for all u ^TL. 
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As in the scalar case one usually extends M to C_ by reflection, that is, by 
defining 

M{z) = M{z)\ ZGC-. (A.2) 

Hence M is analytic on C\K., but and in general, are not analytic 

continuations of each other. 

In contrast to the scalar case, one cannot generally expect strict inequality in 
Im(M(-)) > 0. However, the kernel of Ini(M(-)) has the following simple properties 
recorded in [491 Lemma 5.3] (whose proof was kindly communicated to us by Dirk 
Buschmann) in the matrix-valued context. Below we indicate that the proof extends 
to the present infinite-dimensional situation (see also [521 Proposition 1.2 {ii)] for 
additional results of this kind): 

Lemma A.2. Let M{-) be a B{'H)-valued Nevanlinna-Herglotz function. Then 
the kernel Ho = ker(Im(M( 2 ))) is independent of z G C\R. Consequently, upon 
deeomposing H = Hq 0 Hi, Hi = Hq, Im(M(-)) takes on the form 

Im(M( 2 )) = zeC+, (A.3) 

where Ni[-) G B{Hi) satisfies 

Ni{z)>0, ker(Ai) = {0}, zGC+. (A.4) 

Proof. Pick Zq G C\IR, and suppose /o G ker(Im(M(2:o)))- Introducing m{z) = 
(/o, M(z)/o)'h, z G C\]R, to(-) is a scalar Nevanlinna-Herglotz function and m{zo) G 
R. Hence the Nevanlinna-Herglotz function m(z) — m(zo) has a zero at z = 
Zq, and thus must be a real-valued constant, m{z) = m{zo), z G C\]R. Since 
(/o,M(z)*/o)-h = {fo,M{z)fo)n = m{z) = m{zo) G R, z G C\R, one concludes 
that (/o,Im(M(z))/o)w = ±\\[±lm{M{z))Y/'^fo\\\^ = 0, z G C±, that is, 

/o G ker ([±Im(M(z))]^A^ = z G C±, (A.5) 

and hence ker(M(zo) C ker(M(z)), z G C\R. Interchanging the role of Zq and z 
finally yields ker(M(zo) = ker(M(z)), z G C\R. □ 

Next we recall the definition of a bounded operator-valued measure (see, also 
mp- 319], [73], [90]): 

Definition A.3. Let Hhe a separable, complex Hilbert space. A map E : 18(R) —>• 
B{H), with *8(R) the Borel a-algebra on R, is called a bounded, nonnegative, 
operator-valued measure if the following conditions (i) and (ii) hold: 

(i) E(0) = 0 and 0 < E(H) G B{H) for all B G *B(R). 

(ii) E(-) is strongly countably additive (i.e., with respect to the strong operator 
topology in H), that is, 

N 

E(H) = s-hm^E(B,) (A.6) 

N—^oo 

whenever H = [J Bj, with Bi^ Cl B^ = $ for k ^ Bj. G *8(R), G N. 

jeN 

E(-) is called an (operator-valued) spectral measure (or an orthogonal operator¬ 
valued measure) if additionally the following condition (Hi) holds: 

(Hi) E(-) is projection-valued (i.e., E(i?)^ = S(H), B G iB(R)) and E(R) = I-^. 
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{iv) Let f G V. and B G *B(R). Then the vector-valued measure S(-)/ has finite 
variation on B, denoted by V{Tif\B), if 

VfiBf- B) = sup I ^ mBfifWn] < oo, (A.7) 

j=i J 

where the supremum is taken over all finite sequences {Bj}i<cj<N of pairwise dis¬ 
joint subsets on R with Bj Q B, 1 < j < N. In particular, E(-)/ has finite total 
variation if y(S/;R) < oo. 


We recall that due to monotonicity considerations, taking the limit in the strong 
operator topology in (IA.6|) is equivalent to taking the limit with respect to the weak 
operator topology in 'H. 

For relevant material in connection with the following result we refer the reader, 
for instance, to [T], [5], [6], [n], [13 Sect. VI.5,], [H Sect. 1.4], [23, [30], [32], 
m-m, m. [ssi, m. m, [ssi, m, [sn, m. m, [93, and the detailed 
bibliography in [52] . 


Theorem A. 4. ([3, [23 Sect. 1.4], [97].) Let M be a bounded operator-valued 
Nevanlinna-Herglotz function in TL. Then the following assertions hold: 

{i) For each f G H, (/, M(-)/)^ is a (scalar) Nevanlinna-Herglotz function. 

(ii) Suppose that {ejjjgN is a complete orthonormal system in 77 and that for some 
subset of R having positive Lebesgue measure, and for all j G N, {ej, M{-)ej)-H has 
zero normal limits. Then M = 0. 

(Hi) There exists a bounded, nonnegative S(77)-valued measure on R such that 
the Nevanlinna representation 


A - z A2 -h 1 


z G C+, 


M(z) = C + Dz+ [ dn{X) 

7k 

_ pX-\-e 

0((— 00 , A]) = s-lim / c?n(t) (t^ + 1)“^, A G R, 
7-00 

0(R) = Im(M(z)) -D = [ dniX) (A^ -h 1)-^ G S(77), 

7k 

C = Re(M(z)), D = s-lim —M(iri) > 0, 
r;too irj 


(A.8) 

(A.9) 

(A.IO) 

(A.ll) 


holds in the strong sense in 77. Here Q(B) = /g (l + A^) ^c?H(A), B G *B(R). 

(iv) Let Ai, A 2 G R, Ai < A 2 . Then the Stieltjes inversion formula for Gl reads 

rX2 +<5 

^^((Ai, A 2 ])/= s-lim s-lim / dX lm(M (X + ie)) f, fGH. (A.12) 

(54,0 eio J. 


(v) Any isolated poles of M are simple and located on the real axis, the residues at 
poles being nonpositive bounded operators in H(77). 

(vi) For all A G R, 


s-lim eRe(M(A -I- ie)) = 0, 

e-i-O 


H({A}) = s-lim eIm(M(A -I- ie)) 

e^O 


—i s-lim eM (A -I- ie). 
£4.0 


(A.13) 

(A.14) 


(vii) If in addition M(z) G Soo(77), z G C+, then the measure H in (IA.8I) is count¬ 
ably additive with respect to the H(77)-norm, and the Nevanlinna representation 
(lA.Sp and the Stieltjes inversion formula (IA.12|) as well as (IA.13I1 , (IA.14P hold with 
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the limits taken with respect to the || • ||e(-H)-norm. 

{via) Let f G H and assume in addition that is of finite total variation. Then 
for a.e. A G R, the normal limits M(A + iO)f exist in the strong sense and 

s-limM(A + ie)f = M(A + iO)f = H{n{-)f){X) + M'{\)f, (A.15) 

where H{Q.{-)f) denotes the 'H-valued Hilbert transform 

iL(H(-)/)(A) =p.v. /" -^ = s-lim /" dn{t)f (A.16) 

J-oo t-A HO J \ t-\\>S t — A 

As usual, the normal limits in Theorem IA.4I can be replaced by nontangential 
ones.The nature of the boundary values of M{- +i0) when for some p > 0, M{z) € 
z G C+, was clarihed in detail in [50], [HI], [H3]! [HI]- We also mention that 
Shmul’yan m discusses the Nevanlinna representation (IA.8I) : moreover, certain 
special classes of Nevanlinna functions, isolated by Kac and Krein in the scalar 
context, are studied by Brodskii [23l Sect. 1.4] and Shmul’yan [97] . 

Our hnal result of this appendix offers an elementary proof of bounded invertibil- 
ity of Im(M( 2 :)) for all z G C+ if and only if this property holds for some zq G C+: 


Lemma A.5. Let M be a bounded operator-valued Nevanlinna-Herglotz function 
in %. Then [Im(M(zo))]~^ G B{TL) for some Zq G C+ {resp., zq G C_) if and only 
if [Im(M(z))]“^ G B{'H) for all z G C+ {resp., z G C_). 


Proof By relation (IA.2p . it suffices to consider zo,z € C+, and because of Theorem 
\k.d\ (iii). we can assume that M{z), z € C+, has the representation (IA.8I1 . 

Let cco, a; G R and yo^y > 0, then there exists a constant c > 1 such that 


sup 

AgR 


{X-x)^+y^ 
(A - xo)"^ + yl 


2 / — 


< C, 


(A.17) 


since the function on the left-hand side is continuous and tends to 1 as A ±oo. If 
[Im(M(a;o -f £ 'S('H), there exists d > 0 such that Im(M(a;o -f iyo)) > 51-^, 

and hence, using c > 1, y > 0, and H > 0, one obtains 


Sin < Im(M(a;o + iy^)) = Dy^ + / 

JM. 

lm{M{x iy)) -I- (c — 1) / 

Jm 


Vo 


< yi 
y L 

< yy 


(A - xo)2 y2 

dn{X) 

y 


(A-x)2+y2 


dn{x) 


dn{x) 


(A.18) 


< — Im(M(x -\-iy)). 
V 


Thus, Im(M(a; -|- iy)) > {y/yo)SlH, and hence [Im(M(a: -|- iy))] ^ G B{'H). 


□ 


For a variety of additional spectral results in connection with operator-valued 
Nevanlinna-Herglotz functions we refer to [22] and [SO] Proposition 1.2]. For a 
systematic treatment of operator-valued Nevanlinna-Herglotz families we refer to 

[34]. 
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